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Abstract

The well-known Tribonacci sequence is a third order recurrence sequence. In this paper, we define other
generalized Tribonacci sequence and establish some properties of this sequence using matrix methods.
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1. Introduction and Preliminaries

In this paper, we define a generalized Tribonacci sequence and we obtain some properties of this sequence using
matrix methods. First, we give some background about Tribonacci and Tribonacci-Lucas numbers. Tribonacci
sequence {T, },so (sequence A000073 in [5]) and Tribonacci-Lucas sequence {K,},= (sequence A001644 in [5])
are defined by the third-order recurrence relations

Ty =Ty +Tyy+Tys To=0T =1T,=1, #(1.1)
and
K,=K, 1 +K, »+K,3 Ko=3K =1K, =3, #(1.2)
respectively. Tribonacci concept was introduced by M. Feinberg [2] in 1963. Basic properties of it is given in [1],
[3], [4], [6] and [7].

The sequences {T; },>0 and {K, },,>o can be extended to negative subscripts by defining
T =-T -1y = T-(n-2) + T-(n-3)

and
K ==K (n-1)y = K-(n-2) + K-(n-3)

forn = 1,2,3, ... respectively. Therefore, recurrences(1.1) and (1.2) hold for all integer n.

It is well-known that for all integers n, usual Tribonacci and Tribonacci-Lucas numbers can be expressed
using Binet’s formulas

an+1 Bn+1 .yn +1

W= a—pa-nTG-0G-n -G -5

#(1.3)

and

K, =a™+p"+y" #(1.4)
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respectively, where a, 8 and yare the distinct roots of the cubic equation x3 — x? — x — 1 = 0. Furthermore,

1+ V19 +3v33 + /19— 3v33
a = )

3
1+ wV19+3V33 + 0?19 - 3V33
B - 3 )
1+ w?V19 +3vV33 + w19 - 3v33
y - 3 ]
where
~1+iV3
w=—"D—= exp(2mi/3),

is a primitive cube root of unity.

2. Main Results

We consider the generalized Tribonacci sequence defined by
En = En—l + En_z + En_3, EO = 3, El = 1, EZ = 0 #(21)

Obviously, x3 — x2 — x — 1 = 0 is also the characteristic equation of the (2.1) and it produces three roots as a, 8
and y which are given above.

We define the square matrix E of order 3 as:

1 1 1
E=(1 0 0
0 10
such that detE = 1. Eis called the generating matrix for the sequence (2.1).
Epi2 1 1 1\ /Ewn
Enpi)=(1 0 of| En ). #(2.2)
E, 0 1 0/\E,,4
Epi2 E;
Epir | =E"| E |. #(2.3)
E, E,

Proof. (a) and (b) can be proved by using induction on n.
Next, we present Binet formula for the generalized Tribonacci sequence {E, }.

Theorem 2.1
(a) Forn =1, we have

(b) Forn =0, we have

Theorem 2.2 (Binet formula for the Generalized Tribonacci Sequence)

an—Z ‘Bn—z yn—z
En = ((a—ﬁ)(a ey R s (s Rl oo e7 —ﬁ))

a1 ‘Bn—l yn—l
+4<(a -7 B-0G-n -0 —ﬁ))
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= Tn_3 + 4TTL—2'
Proof. The general form of the generalized Tribonacci sequence can be expressed in the following form
E, = Aa™ + Bf" + Cy"

where A, B and C are constants that can be determined by the initial conditions. Thus putting the values n = 0,n =
1 and n = 2in (2.1), we obtain

A+B+C=3
Aa+Bf+Cy=1
Aa’ +Bp?+ Cy? =0.
Solving the above system of equations for A, B and C, we get

Ao__PrY=38y _ _ _B+y=3By
a’—af —ay + By (a—=B)a—-y)

B = a+y—3ay _ a+y-—3ay

Br—af+ay—By (B-a)B-y)

_ a+pf—3ap __a+ﬁ—3a,8
C yitap-ay-By -G -B)

Note that we have the following identities:

a+f+y=1,
af +ay + fy = -1,

afy = 1.

It now follows that
1
—(B+y—3By) = —;(ali’ + ay — 3apy)
1
= _E(_l -By—3)
1
=7 =By -4
1
= E(/?V +4)
1
= ;(aﬁy + 4a)

1
=E(1 +4(Z)

- (z+3)
“\a?2  af

Volume 14, Issue 3 available at www.scitecresearch.com/journals/index.php/jprm

2415



Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

—(a+y—3ay) = (%+%),
—(a+B—3aB) = (%"’;i,)

Hence, we get

_(B+y—3By)a” (a+y—3ay)p” (a+pB—3aB)y”
(a=B)a-y) B-ao0PB-v) F-a@-pB)

E, =

an—Z ﬁn—Z yn—Z
= ((a—/f)(a D E-0G-» T -0 —ﬁ))

a,n—l ‘Bn—l yn—l
+4<(a Pa-n T F-0G-nTr-00 —B))

=1In-3 + 4'Tn—Z'
Identities which is given in the following Lemma can be established easily.
Lemma 2.3

(@) 53T, — E, + 3E, 1 — 13E,,, =0,

(b) E, = 2T, = 7Ty41 +4Th42 = 0,

(C) 44E, — 38K, + 54K, .1 — 24K, = 0,
(d) 53K, — 41E, — 36E,4; — 3E, 4, = 0.

Next, we present the n. th power of the generating matrix.

Theorem 2.4 For n = 1, we have

E"=—

<Z3En +10E,_, + 24E,,; 24E, +47E,_1 + 33E,_, + 10E,_; 24E, + 23E,_, + 10E,_,
53

14E, + 13E,_; + 10E,,; 10E, + 24E,_, + 27E,_, + 13E,_; 10E, + 14E,_; + 13En_2> #(2.4)
E,_1 — 3E, + 13E, 4 13E, + 10E,_; — 2E,_, + E,_3 13E, —3E,_, + E,_,
Proof. It is well-known that
11 1\" (Thayn T+Th T,
Em = (1 0 0) =< T Th1+Thy Tn-1>-
Ther Ty +Thz Thep
Using Lemma (2.3), we obtain (2.4).
Note that we can also prove (2.4) by using induction on n.
Now, we state cubic identity.
Theorem 2.5 (Cubic Identity) Forn > 1, we have
Ej_y + En3Ef — 2E By 1By 5 — Eny1En 3En 1 + EnyqEf_p = 53.
Proof. Note that det(E™) = 1 for all n = 1. We will use this property and (2.4). Then,
23E, + 10E,_; + 24E,,; 24E, + 47E,_; + 33E,_, + 10E,_3 24E, + 23E,_, + 10E,_,

det(E") = o [14E, +13E,y + 10E, 4y 10E, + 24E,_; +27E,, + 13,5 10E, + 14E,; + 13,
E,_ —3E, + 13E,4, 13E, + 10E,_, — 2E,_, + E,_3 13E, —3E,_; + E,_»
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and so

1

1=55

(2809E3_, + 2809E, 3E% — 5618E, E,_1E,_, — 2809E, ,1E, _3E,_, + 2809E, ,;E2_,)

1
= 5 (Eg—l + En—3Er% - ZEnEn—lEn—Z - En+1En—3En—1 + En+1Er%—2)'

Hence the result follows.
We now present Binet formula for the generalized Tribonacci sequence {E,} using matrix method.
Theorem 2.6 (Binet Formula) For n = 0, we have

E, = /—1((3[32)/ = B* =3py* +yDa" + (=3a’y +a® + 3ay? —y?)F" + (3a’f — a® — 3aB® + fAy")
whered = (@ — B)(a — ) (B —y).

Proof. The characteristic equation of the generating matrix E is

1—-x 1 1
1 —x 0
0 1 —x

where x is the eigenvalue of E and I3 is the 3 x 3 unite matrix. Note that «, 8 and y are the roots of the
characteristic (cubic) equation x3 —x? —x — 1 = 0and also a, 8 and y are the three eigenvalues of the square
matrix E. Next we find the eigenvalues corresponding to the eigenvalues «, fand y. We can find the eigenvector by
solving the following system of linear equations:

0=I|E—xl3| = =x3—x2—-x-1

(E - xl3)ux =0

whereu, is the column vector of order 3 x 1.First we find the eigenvector corresponding to the eigenvalue a. Then

from
l1—-a 1 1 U
(E —al;)u, = 1 —a 0 ||{U2]=
0 1 —a/ \U3

Uy +uz —u(@—1)=0

we have the system

u —auy; =0
u; —auz = 0.

If we take u; = c in above system, we obtain u, = ac, u; = a?c. Thus the eigenvectors corresponding to « are of

2 2
a“c a

the form (ac ) and in particular if we take ¢ = 1, then the eigenvectors corresponding to « is (a ) Similarly,
c 1

2 2
14
using the same technique, we see that the eigenvectors corresponding to 8 and y are ( B ) and (y > respectively.

1 1
Let

Q'Z ,82 ]/2
P={a p v)
1 1 1

i.e., P is a matrix of eigenvalues. Then, we get the inverse of P as
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3 Bty By
/az—aﬁ—ay+ﬁy a?—af —ay + By az—aﬁ—ay+ﬁy\
I 1 B a+y ay I
kﬁz—aﬁﬂw By  B?—af+ay—pBy ﬁz—aﬁ+ay—ﬁ1’)

B a+p af

y2+af—ay—By y:i+af—ay—By y:i+af—ay—Py

B-v) -@B+vB-v) BrB-v)
—(a-y) (a+y)a-y) —ayla-y)
(a—p) —(@+p)a—-p) apla—p)

where A = (a — B)(a —y)(B —y). Now, let
a 0 0
D=<O B o),
0 0 vy

i.e., D is the diagonal matrix in which the eigenvalues of E are on the main diagonal. Then using the diagonalization
of the generating matrix E we obtain E = PDP~1. So, we get

>—=|r—\

E" = (PDP~})" = ppnp-1

y]l0 B" 0 ff-(a-y) (a+y)e-y) -—ayla—y)
1/7\0 0 y"/\(@-p) —(@+p)(a-p) apfla—p)

(a"“ B+ V"+2>< B-v) -B+EB-v) BrB-v) )
a n+

<a2 B> y2><a" 0 0) B-v) -@B+B-v) prB-v)
B
1

Lopgntl gyl )l —(@—y) (a+y)(a-y) -—ayla—y) |
a®  p" (a=p) —(a+p)a-pB) apfla—p)

Using the above last equality and (2.3) and comparing the third row entries of the matrices, we obtain

>J|r—‘

1
Ep=2(=@+B-pa" +(@+y)a-y)p" —(a+p)a—py" +3By(f —y)a" - 3ay(a - y)p"
+ 3ap(a - py™).
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