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Abstract.

The object of this paper is study a few result involving the maximum term and the rank of the maximum term
of entire function represented by Dirichlet series.

1- Introduction

Let E be the set of all entire functions f(s;, s;) represented by a double entire Dirichlet series,where f(sy, s,)
can be written as[4] :-

}‘isl+“j52

f(sy,s7) = ij:O aj; e (1.1)
where a;; € C, (s1,52) € C%,and 0 < A <2y <+ <2 > 0,0 < Py <y <+ < - o0, and

limi_,ool%i =0= 1imi%1‘;ij" (1.2)
Let[1],
M(0y, 02, f) = SUp_ocr <o{lf(01 + ity, 6 +ity) 1}, (01, 62) € R? (1.3)
be the maximum modulus of f(s;,s,) onthe tube Re s; = 07, Re s, = g;.
and let[1],

U(ay,0,,f) = rggg{|ai,j|e*i”1+“f"2}, (61,6,) € R? (1.4)

also if f(sq,s;)be entire Dirichlet series defined by (1.1), then the order P and lower order Aof f(sq, s;)can be
defined as[4]:
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T loglogM (o1,07,f)
P= 11m01,02—>oo supm (1.5)
loglogM(o, 67,
2= lim infoglosMr 020 (1.6)
61,02 >0 log(ecl + e(’z)

In this paper the definitions of the rank and quotient function are extended to several complex variables. In the
last section of this paper some remarks and theorems are given, where the characterizations of the order and
lower order in terms of the rank and quotient function are studied.

2- Some important definitions
In this section two definitions, which are generalized of the definition of the rank and quotient

function[2], are given.

Definition (2.1) :- Let f(sq, sp)be entire Dirichlet series defined by (1.1), and let U(o7, 0;) be the
maximum term of f(sq, s,) , the rank of the maximum term can be defined as:-

V(oy,02,) = flrllgﬁ( {(7&1' Hj) :U(oy,07) = |ai,j|eml+ujcz} (2.1)

Where Ndenote the set of all nature numbers.

Definition (2.2):- Let f(sq, s;) be entire Dirichlet series defined by (1.1), and letP € Z, ( Z, be the
set of all positive integers),then for every entire functionf(s;, s,), there exist the quotient function of
the P" order Ap, where Ap can be defined as:-

Up (Gl,Gz,f(p))

2
U(or.000) B (01, 02) € R (22)

Ap (01, G2, f) =

3-Theorems and Remarks
In this section the following theorems and remarks are given.

Theorem(3.1): For every entire function f(sq, s;) € E that,

1 1
(Ap(01,02,0))P (Ap(01,62,0)P

lim sup <1< lim inf (3.1)
e |V(01,02'f(P))|2+“|V(01,02'f(P))|2 01,027% V102,02 +HV @01.02.012
2 _ 42 2
where [V (01,02, )I* = 4" + 1,
Proof
Now from [6] that, forany P € Z,
1
UP(GLGZ;f(P)))P
_——) <
}\‘|V(G1,02uf)|2+u|V(01,02uf)|2 - ( U(c1,02,0) - }\'|V(61,02,f(P))|2+H|V(01,(52,f(P))|2 (3-2)
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dividing both side of the first inequality in (3.2) by A
limits, to get

Wioropn 2+ MV (o opn? * and proceeding to

1
lim inf—CArGCLo2D? 5 4 (3.3)

01.62°%  Ayo1,00012+H V(01,0212

and dividing both side of the second inequality in (3.2) by /1|V(U " f(P))|2+“|V(o . f(P))|2
1,92, 1,02,

to get,

1
lim sup (Ap (o1,020)F <1 (3.4)

01,02 20 |V(01,62,f(P))|2+H|V(61;02'f(P))|2

Combining (3.3) and (3.4) to get (3.1).

Remarkl:- If f(s1, s;) of order P € R% U {0},(R% is the set of extended positive real numbers), and
lower order A € R} U {0}, it follows from (3.2) and the following result [3]

b lim sup 080BMOr oD OB G o)
01627 logier + e%2) 61,02 % logi{ec1 + e%2)
and,
r = lim infloglogM(Gl,Gz,f) _ lim inflog“@Wv(cl,cz,f)|2+“|V(cl.oz,f)|2)
01,0200 logfée°1 + e°2) 61,0200 logi?@ecﬁ + e°2)
that,
(a7
Up(o1,02.f P
Pl log( U(o1,02.0) > -
= HMoy,65—00 SUP ™ oot 1eo2) (3.5)
and
(o121 )\
Uplo1,02.f P P
. . 1°g< UGor02.) )
A =limg, o, o inf (3.6)

logife®14+e02)

Remark 2: If f(sq,s,) of order P € R% U {0},(R% is the set of extended positive real numbers) , and
lower order 1 € R} U {0}, it follows from the result of [5] , that
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logU(o64, 05, 1
lim inf gU(1,02,0) SF

AIV(JLJz,f)IZ+HIV(G1.02.f)|2

1 logU(o4, 0,,
< — <lim sup gU(o1, 0. 0) (3.7)

M 01,0202+ MV (01,0202

Remark 3: For every entire function f(s;, s;) € E,it follows from the results of( [2] ,[6]) that
U(Gl,Gz,f) < U1 (Gl,Cz,f(l)) <.-< Up(Gl,Gz, f(P)) < - (3.8)
Next the following theorem is improve of Remark?2.

Theorem(3.2): For every entire function f(s;, s;) € E of order P € R% U {0},(R% is the set of
extended positive real numbers) , and lower order A € R%} U {0} and for any P € N , that

log Up (Gl,Gz,f(P))

. . 1
limg_ 5,0 1nfx <o <
IV (61,062,012 +H1V (61,02,0)12

logUp (Gl,Gz,f(P))

>

< limg, 5, SUp (3.9)

My (o1,02.012+H1V (01,02,6)12
Proof

Now from (3.2) , that
1
log {le(m,cz,f)|2+H|V(G1,02.,f)|2} = E{logUP (01' 02, f(P)) — logU(o1, 02, )}

<log {AW oo My (Ul,UZ'f(P))|2} (3.10)

from the first inequality in (3.10),it follows

P| Ilim log {klv(ﬁl’GZ'f)|2+|J|V(01'02"f)|2}
61,02 2%

}LIV(01,oz.f)|2+u|V(01.Gz,f)|2

IOgUp (61,02,f(P)) li IOgU(Gl,Gz,f)
1m

< lim ] — N
61,620 61,02 2>®
WV(or02.)R+HV (0100012

IV (o1,00,0124+ HIV(61,02,012

] logUp Gl,Gz,f(P)
< lim ( ) —
01,6229 My (61,62.0)12+ M1V (01,062,512

1
- (3.11)

in view of (3.7). Since A My oroni? tends to infinity with (o4, 6,),it follows

V(01,020

from (3.11), that
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lOg Up (Gl,Gz,f(P))

lim sup >

61,62 7% IV (61,062,012 +H1V (61,02,6)12

(3.12)

> | =

Also, from the second inequality in (3.10), to get

lO U 01,0 lf(P)
P( lim sup elon 00 T7)
01,027 }\'|V(c1,02.f)|2+“|V(G1‘62’f)|2
logUp (51; G2, f(P))

IOgU (Glr G2, f)

xIV(G1,62,f)|2+p'|V(G1.Gz,f)|2

lim inf
(51'(52 —00

> lim inf

01,09 >0
s KIV(61,cz,f)|2+p'|V(01,02,f)|2

: : log Up (61,02,fP)
> lim inf—> p(o1.020)) —P (3.13)

61.622%° My (o1,62,012+MV (01 02,012

in view of (3.7). Since, from remark 1,

. Log {X|V(01,02,f(P)|+H|V(01,02,f(P))|} 1
lim sup ==

61,02 0® log %1 +e°2) T p
it follows, from (3.13), that

logUp (Gl,Gz,f(P))

lim inf < L (3.14)
01,02°%  My(op o n2tHiviereaniz P
Combining (3.12) and (2.14), to get (3.9)

Now the corollaries are immediate from (3.9):-

Corollary 1 :- Iff is of infinite order, then

: . log Up (01,02,f®)
lim inf—> p(o1.02L7) = 0. (3.15)

61,622% My (o1,02,012+ MV (01,0202

Corollary 2 :- If fis of lower order zero, then

lOgUp(Gl,GZ,f(P))

lim sup
01,62°% My (oy,02,012+HV (01,0262

= +oo, (3.16)
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