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Abstract

Weak LP spaces, that are shown through this paper by Lﬁ,, are function spaces that are closed to L
spaces, but somehow larger. The question that we are going to partially answer in this paper, is that how
much it is larger. Actually we prove that L7, (R) \ LP (R) U {0} contains an infinitely generated algebra.
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1. Introduction

Weak LP spaces are function spaces that are closely related to LP spaces. We do not know the
exact origin of Weak L” spaces. The Book by Colin Benett and Robert Sharpley [1] contains a
good presentation of Weak LP but from the point of view of rearrangement function. In the
present paper we first study the Weak LP space from the point of view of distribution function.
This circumstance motivated us to undertake a preparation of the present paper containing a
detailed exposition of these function spaces. Then we proceed to the main theorem that
proves the existence of an infinitely generated vector space in Weak L?[0,1] \ LP[0,1]U{0}. A
subset Mof a vector space Xis called lineable in X if M U {0} contains an infinite dimensional
vector space. In this setting, authors in [2]have proved that Weak L”[0,1] \ LP[0,1] is lineable
in Weak LP[0,1]. What we are going to prove here is that L (R) \ LP? (R)U{0} contains an
infinitely generated algebra. This last property is called Algebrability.

The origin of lineability is due to Gurariy([5, 6])that showed that there exists an infinite
dimensional linear space such that everynon-zero element of which is a continuous nowhere
differentiable function onC[0;1]. Many examples of vector spaces of functions on Ror
Cenjoying certain special properties have been constructed in the recent years. More recently,
many authors got interested in this subject and gave a wide range of examples. For more
results on lineability we refer the reader to [3].

Throughout this paper (X, Q, 1)is a measure space and F is R or C.

1. 1 Definition.For f: X — F a measurable function on X, the distribution functionof f is the
function Dy defined on [0, ) as follows

ey, Dy (2) = p({x € X: |f ()| > A).
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The distribution function Dy provides information about the size of f butnot about the
behavior of f itself near any given point. For instance, a functionon R" and each of its
translates have the same distribution function. It follows from 1. 1 that Dy is a decreasing
function of A(not necessarily strictly).

Let (X, Q, 1) be a measurable space and f andg be a measurable functions onX then Dy enjoys
the following properties.

(Dlgl < If|u- a. e. implies that Dy < Df;

_ A :
(2)Dey(A) = Dy () forall c € €\ {0} and 2 € [0, c0);
(3)Df+g(21 + /12) < Df(ll) + Dg (12) for all Al,lz S [O, 00),
(4)ng (/1122) < Df(ll) + Dg (12) for all AI'AZ € [O, OO),
For more details on distribution function see [4]and[7].

Next, Let (X, Q, ) be a measurable space, for 0 < p < o, we consider
c\P
Weak LP = {f:X > F:3¢>0VA>0,Dr(1) < (i) }

We will use the notation L%, to show Weak LP. Observe that L = L*.

1. 2 Proposition.Let f € L) with 0 < p < . Then

1
Cc\P = 1
Wl = inf{c > 0:D(A) < (Z) forall 1 € (0, 00)} = (sup Apr(A))p = sup A{Df(/l)}?’.
w A>0 A>0
Proof.Let us define
c

a = {c > 0:Dr(A) < (l)p forall A € (0, oo)},

and

1
B = (sup 2D, (/1))”.
>0
Since f € LY, so there exists ¢ > 0 such that
Cc\P
Dy <(3) A€ (0,0
Therefore
{ >0:0, < (5) foratiie © )} 0
: - oo
c : Dr =3 fora , * Q.

On the other hand
APDe(2) < BP,
thus{/lpr A): 1> 0} is bounded above by 7 and 8 € R. Therefore
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Cc\P
(2) a= {c > 0:Dp(A) < (/—1) forall A € (0, 00)} <p.

Now, let € > 0, then there exists ¢ > 0 such thata < ¢ < a + and

D) < (%)p for all A € (0,00),

and thus
APDp(A) < cP < (a+¢)P, 1€ (0,).
Then
ililo) APDr(A) < (a +€)P.
Therefore

1
(sup AP D¢ (A))p <a+e.
>0
Since € > 0 is arbitrary soff < a. This completes the proof.L]

By this norm, we can redefine L’ﬁv spaces in the form of L? spaces.

1. 3 Definition.Let (X, Q, u)be a measure space. For 0 < p < o the space L, is defined as the
set of all u-measurable [F-valued functions f such that
c\P
inflc > 0:0,) = () foratide 0,0 <.

Two functions in L’CV will be considered equal if they are equal u-a. e.
For0 <p < oo, Lﬁv is larger than LP. We obtain this result in the next proposition and remark.

1. 4 Proposition. Forany 0 < p < oo, LP C Lﬁ, and for any f € LPwe have

Iflp < I
Proof. If f € L?, then forany A1 > 0, Df we have

P u(lx € X:[f )] > 2) < f P du < f F1Pdpe = IIfllo.
|[f(x)|>2 X

Therefore

3) IIfIIw)p

px € X:|f(x)| > 2}) < <T

Next from 3 we have
1

(sug Apr()l)); < I lle-

1>
This shows that
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Iflly < Nflle.

O

1
1. 5 Remark. The inclusion in the previous proposition is strict. Indeed let f(x) = x ?on

(0, o0) with the Lebesgue measure. For any A > 0 we have

m {xE(0,00):%>Al =m({xe(o,m):|x|<l}>=2/1_p.

14
x| A

Thus f € L},(0, %) but

0
Sof ¢ LP.
2. Main Result

In this section we prove that L” (R) \ L? (R)U{0} contains an infinitely generated algebra. First
we present the definition of algebrability and two facts about norm of Lﬁ,.

2. 1 Definition. Let Abe a subset of an algebra L. A is called algebrable in L if A U {0} contains
an infinitely generated subalgebra W of L.

2. 2 Proposition. Letf,g € ! . Then

Mllefllp = lclllfll,» , for any constantc,
w w

1

@If +glly, <2(IIL +lgl?, )

Proof.(1) For ¢ > Owe have

A
({x € X:lef(x)] > A}) = u({x € X:1f(x)| > 7},

thus
A
Therefore
1 NG 1
llcfll,p = (sup AP Dy (A))p = (sup AP D¢ (—))p = (sup cpwpr(W)>p
w 1>0 . 1>0 c cw>0
=c ( sup w? Dy (w))p.
cw >0

So

lefllp = clflp.
(2) Note that
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fxeX:|fx)+gx)| >} c {x EX:|f(x)] >%}U{x € X:|g(x)| >%}

Hence

u{x € X:|f () + g()| > 1} < u({x € X: |f ()| > %}) +,u<{x € X: |f(0)] > %})

Thus
2 A
APDsyg(A) < AP Dy (—) + AP D, (—) <?2r [sup AP D¢ (1) + sup AP D, (/1)]
2 2 1>0 150
=2 {IF1I}, + gl |
Therefore
1 1
IF +glly, = (sup 22Dy @) <20 [IFIE, + gl
m

The previous proposition shows that L, is a vector space and that ||.||,» is a quasi-norm on it

(which is a functional that is like a norm except that it does only satisfy the triangle inequality
with a constant ¢ > 1, thatis ||[f + gll < c(IfIl + llglD).)

To proceed to the main theorem, we need the following lemma.

2. 3 Lemma. If I € Rhas finite Lebesgue measure, theny;, the characteristic function ofI,
belongs to L!, forall0 < p < oo,

Proof. For all A > Owe have

0 A>1
m({x € R: |y, ()| >At) =47 :
( GOl >2) {mU) 0<Aas<1
Thus
1 1
Il = (sup 27D, W) < (Y.
w A>0
Soy; € L},.00

2.4 Theorem. Il (R) \ L? (R)is algebrable in L” (R), forall 0 < p < oo.

Proof. Let 0 < p < oo be fixed. Define f: R — Ras

Fx) = {le_%, if x # O’
0, ifx=0

For each n € Nlet g,, = X0k Let n € N be fixed. By the argument after Proposition 2. 2,

03]

n

(f.g.)™ € ¥, (R) for allm,m € N.

On the other hand by remark 1. 5, (f.g,)™ € LP(R). Since for each i,j € Nwith i <,
m([O,i—,] \ [O,}D # 0,soforeachi,j e Nwithi <j, f.g; # f.g;.
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Therefore {(f.g,)™: m,n € N} is an infinite set. Again by the argument after Proposition 2.2
and above reasoning, the algebra generated by {(f.g,)™:m,n € N} is a subset of L’ (R) \
LP (R) U {0}. So L} (R) \ L? (R) is algebrable.[]

2. 5 Remark. This trend of research seems to be very broad. One can ask about the cardinality
of the generators of the algebra contained in L} (R) \ L? (R) U {0}. Another question that can
be considered is that whether there exists an infinitely generated free algebra of functions

contained in LY, (R) \ LP (R) U {0} or not. Also changing the space R by a general measure
space would contribute to new results.
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