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Abstract. Let G be a simple molecular graph with vertex set V(G) and edge set E(G) respectively. The degree
deg( v) of the vertex v < V(G) is the number of vertices adjacent with vertex 1'. A graph can be recognized by a
numeric number, a polynomial, a sequence of numbers or a matrix. A topological index is a numeric quantity
associated with a graph which characterize the topology of graph and is invariant under graph automorphism.
Topological indices play important role in mathematical chemistry especially in the quantitative structure-property
relationship (QSPR) and quantitative structure-activity relationship (QSAR) studies. In this paper we compute the
edge version of some important degree based topological indices like Augmented Zagreb Index, Hyper-Zagreb
Index, Harmonic Index and Sum-Connectivity Index of HACsCsC-[p, q] Nanotube.

Keywords: Augmented-Zagreb Index; Hyper-Zagreb Index; Harmonic Index; Sum-Connectivity Index;
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1 Introduction and preliminary results

Graph theory is a not so young branch of discrete mathematics. It is generally accepted that it started with Leonhard
Euler's paper on the seven bridges of Koénigsherg published in 1736. It has received more attention after the first
book on Graph Theory which published in 1936. Since Graph theory became one of the fastest expanding branched
of mathematics. Graph theory has been accepted and appreciated in Physics as well as in Biology, but it played wide
range role in Chemistry. It made contributions in Chemical documentation, Structural chemistry, Physical chemistry,
Inorganic chemistry, Quantum chemistry, Organic chemistry, Chemical synthesis, Polymer chemistry, Medicinal
chemistry, Genomics, DNA studies and of recent date proteomics.

A branch of mathematical chemistry is Chemical graph theory which relates with the nontrivial applications of
graph theory for solving the molecular problems. Its pioneers are Alexandru Balaban, Ante Graovac, lvan Gutman,
Haruo Hosoya, Milan Randi¢ and Nenad Trinajsti¢. Chemical graph theory use algebraic invariants to minimize the
structure of a molecule into a single number which denotes the energy of molecule, structural fragments, molecular
branching and electronic structures. These graph theoretic invariants are used to associate with physical observations
calculated by experiments.

Let G be a molecular graph having vertex set V (G) and edge set E(G). Two vertices in G connected by an
edge, are said to be adjacent. The number of vertices in G, adjacent to given vertex u1in G is called the degree of this
vertex denoted by deg(v). A molecular graph is a graph representing the carbon-atom skeleton of an organic
molecule. Thus, the vertices in a molecular graph represent the carbon atoms, and its edges the carbon-carbon bonds.

A graph can be recognized by a numeric number, a polynomial, a sequence of numbers or a matrix. A topological
index is a numeric quantity associated with a graph which characterize the topology of graph and is invariant under
graph automorphism. The topological indices are structural invariants based on modeling of chemical structures by

Volume 12, Issue 5 available at www.scitecresearch.com/journals/index.php/jprm 2090 |



http://www.scitecresearch.com/journals

Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

molecular graphs. There are some major classes of topological indices such as distance based topological indices,
degree based topological indices and counting related polynomials and indices of graphs. Among these classes degree
based topological indices are of great importance and play a vital role in chemical graph theory and particularly
in chemistry. In more precise way, a topological index Taep(G) of a graph, is a number with the property that
for every graph H isomorphic to G, T'op(H) = Top(G). The most common use of mathematical invariants which
are also known as graph theoretical indices or topological indices are molecular descriptors in QSPR. (Quantitative
structure-property relationships) and QSAR (Quantitative structure-activity relationships).

The conecept of topological indices came from Wiener while he was working on boiling point of paraffin, named
this index as path number. Later on, the path number was renamed as Wiener index [28].

Let G be a graph. Then the Wiener index of G 1s defined as

W(G) = % 3 d(u,v) (1)
(u,v)

where (u,v) is any ordered pair of vertices in G' and d(u,v) is u — v geodesic. Here we define edge version of some
important degree based topological indices.

1.1 Edge Version of Augmented Zagreb Index

Motivated by the success of the Atom bond connectivity index, Furtula etal [15] put forward its modified version
named as Augmented Zagreb Inder. The augmented Zagreb index possess the correlating ability among several
topological indices. The edge version of Augmented Zagreb Index is defined as

AZIG) = )

efeE(L(G))

( degL{G]fe)-dﬂgL(c)(f) 2)3 2)

degrcy(e) + degrey(f) —

Preliminary studies indicate that Augmented Zagreb Index has an even better correlation potential than Atom bond
connectivity index [17].

1.2 Edge Version of Hyper-Zagreb Index

G.H Shirdel, H. Rezapour and A.M. Sayadi introduced a new version of Zagreb index named Hyper-Zagreb index
[22]. The edge version of Hyper-Index is defined as

HMG) =Y (degr(c)(e) + degrie (1))’ (3)
ef€B(L(G))

1.3 Edge Version of Harmonic Index

In 1980 Siemion Fajtlowicz created a computer program for automatic generation of conjectures in graph theory. Then
he examined the possible relations between countless graph invariants, among which there was a vertex-degree-based
quantity [14]. But this quantity did not attract any attention. In 2012 Zhang [30, 31] re-introduced this quantity and
called it Harmonic indez which is defined as [17]

2

JH(G) =
efeg(c» degr(a)(€) + degr(c)(f)

(4)

1.4 Edge Version of Sum-connectivity Index

Sum-connectivity index was proposed by Bo Zhou and Nenad Trinajstic [34]. They noticed that in the definition
of Randié’s branching index there is no a solid reason for using the product deg(u) x deg(v) of vertex degrees and
this term may be replaced by the sum deg(u) + deg(v) and we get Sum-connectivity indez. The edge version of
Sum-connectivity index 1s defined as

1
SCI(G) = .
efeg(a)] Videgr(c(e) +degric)(f)

In view of above equation the original Randi¢’ index is sometimes referred to as the Product-connectivity index [17).
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2 Main results

The carbon nanotubes shows remarkable mechanical properties. Experimental studies have shown that they belong
to the stiffest and elastic known materials. Diundea was the first chemist who consider the problem of topological
indices of nano-structures.

In this paper we continue this program and compute the augmented Zagreb index, hyper-Zagreb index, harmonic
index, sum-connectivity index of line graphs of H AC5C;C[p, | Nanotube.

H AC:,CGC7[p, q] shown in Fig.1 is constructed by alternating Cs, Cs and C7 carbon cycles. It is tube shaped
material but we consider it in the form of sheet shown in Fig.2. The two dimensional lattice of HAC5CsCx[p, q
consists of p rows and g periods. Here p denotes the number of pentagons in one row and g is the number of periods
in whole lattice. A period consist of three rows.

Fig. 1. HAC:CsC-[p, q] Nanotube

We now compute the edge version of augmented Zagreb index, hyper-Zagreb index, harmonic index and sum-
connectivity index of HACs5CsCr[p, q] Nanotube with p columns and ¢ rows. Throughout this figure we consider
p > 1 and ¢ = 2. The line graph of HAC5CsC7[p, q] nanotube shown in Fig.3 has 88p — 12 edges with degree vertices
2, 3 and 4. The first edge partition has 2 edges with d,(g)(e) = dp()(f) = 2, the second edge partition has 12 edges
with dpzy(e) = 2 and dpg)(f) = 3, the third edge partition has 6p + 1 edges with dp(g)(e) = dra)(f) = 3, the
fourth edge partition has 12p+ 10 edges with d,(¢)(e) = 3 and dy,(g)(f) = 4 and the fifth edge partition has 70p — 37
edges with dp,(g)(e) = dro)(f) = 4.

Fig. 2. HAC5CsC+|p, q] nanotube for p =4 and g = 2.

Theorem 2.0.1. For every p > 1 and q = 2, consider the graph of G &2 HAC;CsCx[p.q| nanotube. Then the
cAZI(G) is equal to
168657029 19007957

AZI(G) = —5e500 P~ 13200
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Fig. 3. HAC;CsCy and L{HAC;CsC)

Proof. Let G be the graph of HAC;C;C%[p. g| nanotube. Since from (2) we have

degrey(e).degLicy(f) |3
( )

AZIG) = Z degL(G)(E} - degL(G)(f) -

efER(L(G))
By using edge partition from Table.1, we get

AZIG) =2 x (F2355)° + 12 x (53355)° + (6p+ 1) x (355%5)° + (12p + 10) x (5225) + (70p — 37) x (55 )°

After doing some calculations, we get

2187 20736 350 T S6 1804
39 125 o7 761 T Tos 27

AZI(G) = (

After more simplification, we get

168657020 19007957
108000 ©~ T 43200

Theorem 2.0.2. For every p > 1 and q = 2, consider the graph of G 2 HAC;CsCs[p. q] nanotube. Then the
cHM(G) is equal to

—. AZI(G) =

<HM(G) = 5284p — 1510

Proof. Let G be the graph of HAC5CsC7[p, g] nanotube. Since from (3) we have

2
HMG) = Y (degriay(e) +degria(f)
efeE(L(G))

By using edge partition from Table.1, we get
HMG)=2x (2422 +12x (2432 + (6p+1) x (3+3)2 4+ (12p +10) x (3 4+ 4)% + (T0p — 37) x (4 + 4)?
After doing some caleulations, we get

—, HM(G) = 5284p — 1510

Theorem 2.0.3. For every p > 1 and q = 2, consider the graph of G = HAC;CC+[p, q| nanotube. Then the .H(G)
is equal to

321 109
11?10

Proof. Let G be the graph of HAC5C3C%[p, g] nanotube. Since from (4) we have

2
H(G) =
efeg(c)) degr(c)(e) + degr)(f)

EH(G} =
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(deg(e), deg(f)) where ef € E(L(G)) | Number of edges
2.2) 2
(2,3) 12
(33 3J (Sp + ].)
(3.4) (12p + 10)
(4.4) (T0p — 37)

Table 1. Edge partition of L(HACsCsC'[p,q]) based on degrees of end vertices of each edge.

By using edge partition from Table.l, we get

cH(G) =2 % 325 412 x 525 4 (6p+ 1) x 525 + (12p + 10) x 525 + (70p — 37) x

2+2 3+3 4+4
After doing some calculations, we get
35 24 1 20 37
EH{G}—{:—+?+2)p+—+§+?—Z+l
After more simplification, we get
321 109
= MO =37~ 15

Theorem 2.0.4. For every p > 1 and q = 2, consider the graph of G 2 HAC;C;C:[p,q] nanotube. Then the
SCI(G) is equal to
1 Bl

Proof. Let G be the graph of H AC;CsC[p, g] nanotube. Since from (5) we have

.SCI(G) =

1
SCIG) =
©) ,_,J,-E;JZ ), Vegria)(e) +degric)(f)

By using edge partition from Table.1l, we get

eSCI(G) =2 x — +12 % —d— + (6p+ 1) x k=g + (12p + 10) x k= + (70p — 37) x A

After doing some calculations, we get

12 35 2 1 10 37
LSCIG) = (= + =+ VEp+ —+ —+—— 1+
= SOHC) = (Z+ F VOt 2+ 5+ 75
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