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Abstract

We construct various examples of Armendariz and related rings by reviewing and extending some results concerning the
structure of monoid M. In particular, we give some examples of Armendariz rings related to a monoid. We prove that, if M be
a strictly totally ordered monoid with | M |> 2. Then, R is linear M-Armendariz and reduced if and only if T(R) is linear M-
Armendariz. It is also shown that, R is a PP-ring (Baer ring) if and only if R[M] is a PP-ring (Baer ring, respectively) and
those of the monoid ring R[M] in case R is linear M-Armendariz ring.
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1. Introduction

Throughout this paper, R and M denote an associative ring with identity and a monoid, respectively. Given
a ring R, the polynomial ring over R is denoted by R[r]. Rege and Chhawchharia[12] introduced the notion of
an Armendariz ring. A ring R is called Armendariz if whenever polynomials f{z) = ag + a1z 4+ --- + a,a™.
g(a) = by +bye+ - 4 by,a™ € Bla] satisly f(x)g(x) = 0, then a;b; = 0 for each ¢, j. (The converse is always
true.) The name “Armendariz ring” was chosen because Armendariz [5, Lemma 1] had shown that a reduced
ring (i.e., a ring without nonzero nilpotent elements) satisfies this condition. The study of Armendariz rings.
which is related to polynomial rings, was initiated by Armendariz [5] and Rege and Chhawchharia [12]. Some
properties of Armendariz rings have been studied in Rege and Chhawchharia [12], Armendariz [5], Anderson and
Camillo [3], and Kim and Lee[14]. Due to Lee and Wong [15], a ring R is called linear Armendariz if for given
J(x) = ag 4+ ey and g(x) = by + by € R[x] such that f(x)g(x) = 0 then a;b; = 0 for all ¢, j. In [11], Zhongkui
studied a generalization of Armendariz rings, which are called M-Armendariz rings, where M is a monoid. A ring
R is called M-Armendariz if whenever elements o = a1 g1+aaga+- - -+ angn. 5 = bihi+baha+- - +bphm € R[M],
satisfy af = 0, then a;b; = 0, for each 4, j. Let M = (N U{0},4). Then the ring R is M-Armendariz if and
only if R is Armendariz. Reduced rings are Armendariz by [5. Lemma 1] and subrings of Armendariz rings are
also Armendariz ring. It is obviously that Armendariz rings are linear Armendariz and that subrings of linear
Armendariz rings are still linear Armendariz ring. There is linear Armendariz ring but not Armendariz by [15,
Example 3.2]. A ring is called abelian if every idempotent is central. Linear Armendariz rings are abelian hy
[15, Lemma 3.4(3)]. In [16]. A ring 7 is called linear M-Armendariz (linear Armendariz ring relative to monoid
M), if whenever elements o = ay191 + ag292. 5 = bihy + bahe € R[M] satisfy a@ = 0, then a;b; = 0 for all
i,j. It M = {e}, then every ring is linear M-Armendariz. Let M = (NU {0}, +). Then the ring 2 is linecar
M-Armendariz if and only if R is linear Armendariz. If R is reduced and M-Armendariz ring. then R is linear
M-Armendariz.

Recall that a monoid M is called w.p. moneid (unigque product monoid) if for any two non-empty finite
subsets A, B C M there exists an element g € M uniquely presented in the form ab where @ € A and b € B.
The class of u.p.monoids is quite large and important (see Birkenmeier and Park [6] and Passman [4]). For
example, this class includes the right or left ordered monoids, submonoids of a free group, and torsion-free
nilpotent groups. Every u.p. monoid M has non wnity element of finite order. In the following, e will always

stand for the identity of M.
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and Park [6] and Passman [4]). For example, this class includes the right or left ordered monoids,

submonoids of a free group, and torsion-free nilpotent groups. Every u.p. monoid M has non unity
element of finite order. In the following, e will always stand for the identity of M.

Motivated by results in Lee and Wong [15], Jeon et al. [8], Zhongkui [11], and Dixit and
Singh [16]. we have some examples of linear A-Armendariz ring which is a generalization of M-
Armendariz ring.

2. Linear M-Armendariz ring

Every M-Armendariz ring is linear M-Armendariz, but the converse is not true. See [16,

Example 2.1].

Let (M, <) be an ordered monoid. If for any ¢,¢',h € M, g < ¢’ implies that gh < ¢’h and

hg < hg'. then (M, <) is called a strictly ordered monoid.

Lemma 2.1. Let M be a strictly totally ordered monoid and 1} a reduced ring. Then R[M] s

reduced.

Proof. Suppose that o = aygy + -+ + a,9, € R[M] is such that a? = 0. Not loss the generality
we assume that ¢1 < g2 < --- << gn. Then from a? = 0 it follows that

aigi + a1a2g192 + 2016291 + -+ + a5 Gngn = 0.
Suppose gign = gig; for some 1 <4, < n. Then g1 < gi, g1 < g5. g1 < gi, then g1g1 < gign <
9i9; = g191. a contradiction. Thus, g = g;. Similarly g; = g;. Thus, we have o = 0 and so a; = 0
since R is reduced. Now oo = asgs + - - - + a,9,. By analogy with above proof, we have ag = 0.-- -,
ay, = 0. Thus & = 0 This means that [M] is reduced. [

Proposition 2.2. Let M be a strictly totally ordered monoid and I an ideal of R. If I is reduced

and R/ is linear M -Armendariz, then IR is linear M-Armendariz.

Proof. Let o = ayg1 +asgs and 8 = byhy +byhs € R[M] be such that a3 = 0 and g; < g2, hy < ha.
Note that in (R/1)[M]. (@1g1+azgz2)(b1h1+bzh2) = 0. Since R/I is lincar M-Armendariz, a;b; € 1,
for all 4, j. If there exist 1 <4, j < 2 such that g;h; = g1hy, then g1 < g;. and by < by I g1 < g,
a1b1 = 0 and so, (61101)2 =bilaibiTa; = 0. Thus, byla; = 0. If there exist 1 <i,5 < 2 such that
gihy = gaha, then gy < ga, by < hoo I g < g, then gih; < gohy < gaha = gih;. a contradiction.

then g1hy < ¢;hy < gih; = g1hy, a contradiction. Thus g, = g;. Similarly by = h;. Hence

Thus, g; = g2. Similarly h; = hg. Hence aghy = 0. If gihy # gzhy. then from af = 0, it
follows that a1bs = 0, azby = 0. Now suppose that g1ha = gah1. Then from a5 = 0 it follows that
arba+ashy = 0. Thus, (c‘z-lbg)3+c'z-gbl (('5-1152)2 = 0. But aghy(aq 52)2 = asbiaibsai by € asbilaiby = 0.
Thus, (a1b2)? = 0. On the other hand. a;by € I. Thus a;by = 0, since [ is reduced. Hence aghy = 0.

Thus shows that 1 is linear M-Armendariz. O

Recall that a monoid M is called torsion-free if the following property holds: if g, h € M and
k> 1 are such that g* = h*, then g = h.
Let R be a ring. Define a ring T'(R) as follows

a b ¢
T(R)= 0 a d |]abdeR
0 0 a

Proposition 2.3. Let M be a strictly totally ordered monoid with |M| > 2. Then the following
conditions are equivalent:

(1) R is linear M -Armendariz and reduced.

(2) T(R) is linear M-Armendariz.
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Proof. (1)=(2) We complete the proof of by adapting the proof of [2, Proposition 17]. It is easy
to see that there exists an isomorphism of rings T'(R)[M|—=T(R[M]) define by:

" a; by o MNijaig MNi_ibigi N i
SNl o ow di |o— 0 ST aig S digs
=1\ 000w 0 0 S aig:

Suppose that oo = Ay g + Azga, and = Byhy + Bahy € T(R)[M] are such that o3 = 0, where
A, B; € T(R). We claim A;B; = 0 for each 1 < i, j < 2. Assume that

(07 bz [} c'l;- b; C_;-
Aq‘, = 0 (L di ,Bj = 0 G-.;- (ij
0 0 a; 0o o0 o
Then we have
Zleaq;gi Zgzlbigi Elecz-gi E_.f:la-;hj E?zlbg;hj E?zlt‘.;hj
0 Y2 jaigi Y2 digi | % 0 ¥2_jabhy X2 dihy | = 0.
0 0 Y2 a.g 0 0 E?ZI&_’;]}J‘
Thus
[Zleaigi][ilea;hj) =0,
(X7 aage) 521 Vihy) + (X bage) (X1 afhy) = 0,
(Z2aigi) (Z31hi) + (S0obigi) (S50, djhy) + (i cigi) (S2,a5hy) = 0,
(X2 a;g) (X2 dihy) + (Y2 digi) (B2 a hy) = 0
i=1%4i j=10;1j i=1%ii G=1;1;
Since R is linear M-Armendariz. we have ai(a; =0 for all 1 <i,j < 2. Thus a.:;a.i = 0 for

all 1 <4, < 2, since R is reduced. Hence (E;f:la}hj)(Z%:laigi) = 0. If we multiply the second
equation on the left side by (2'32-:1(1;-/1 ;). then

(E‘?:la;h-j)(E?leligi)(Z?zla-; ]IJ) =0-
Thus, ((Z;-z:lbz-gi)(z;‘?:la; h;))? = 0. Since R[M] is reduced by Lemma 2.1, it follows that (E?Zlbigi)(Z?:la; hi) =
0. Since R is linear M-Armendariz, we have ba!, = O forall 1 <4, j < 2. Hence (Elebigi)(iﬁzla; hi) =
0 and so (Z?Zlaigi)(z;leb; hj) = 0. Thus a;b; = 0 for all i, j, since R is lincar M-Armendariz.

Also, if we multiply the fourth equation on the left side by 21?=1¢'c; hj, then

Z?:l “-3 lij (E;‘Z:I digi) (E§:1

ahy) =0-

By Lemma 2.1, we have (X2 d; gz-)(fleajhj) = 0. Thus d;a; = 0 for all i, j, since 7 is linear
M-Armendariz. Similarly, we have (22 a:9:) (2?:1(13]?-3‘) = 0. Thus a;d; = 0 for all 4, j. Now if we
multiply the third equation on the left side by E?Zla.; h; then ( Z?Zla; hi)(Z2_ ¢ gi)(Zﬁzla; h;)=0-

Similar argument shows that Ciﬂ; = 0 for all 4, j. Hence the third equation becomes
(B2 yaigi) (BF_ycihy) + (B ybigi) (B3, dshy) = 0. (%)
Since dja; = 0 for all 4, j. we have (Z?:ﬂf;' hi)(¥2_jaigi) = 0- Now if we multiply equation () on
the ride side by (Y% a,9;) then
(Zioiaig) (S5, ¢hy) (B aigi) = O-

A similar argument shows that aic} = 0 for all ¢, 7. Thus from equation (%) it follows that bid} =0
for all 7, j. Now it easy to see that A;B; =0 for each 1 < 4,5 < 2.

(2)=-(1) Suppose that T(R) is linear M-Armendariz. Note that R is isomorphic to the subring
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a 0 0
0 a 0O ‘ ac R
0 0 a

of T(R). Thus R is linear M-Armendariz, since each subring of linear M-Armendariz ring is
also linear M-Armendariz.By analogy with proof of [15, Theorem 2.3]. we can show that B is

reduced. O

Remark 2.4. Let B be a ring and let

a a2 @13 a1n
0 a a3 --- aozn
Tw(R) = 0 0 @ crc A3p | a,ai; € R
0 0 0 :
0 0 0O - a

Where n is a positive integer.  Then Proposttion 2.3 suggests that T,(R) may be also linear
M-Armendariz for n > 4 of R is linear M-Armendariz and reduced. But the following example

eliminate the possibility.

Example 2.5. Let M be a monoid with

M |> 2 and R a ring. Toke e # g € M. Let o =
e12¢ + (€12 — e13)g and 3 = egge + (€24 + e34)g be in T, (R)[M] where e;;s are the matriz units in
To(R)(n>4). Then aff =0, but (e12 — e13)esq # 0. Thus T, (R) is not linear M -Armendariz ring
(n>4).

Corollary 2.6. Let M be a strictly totaly ordered monoid and R is linear M-Armendariz ring. If

R is reduced, then the trivial extension T(R, R) is linear M -Armendariz.

Proof. Note that T(R, R) is isomorphic to the ring

a b 0O
0 a 0O | a,be R
0 0 a

Now the result follows from Proposition 2.3, and by [16, Lemma 2.6], every subring of linear

M-Armendariz ring is also linear M-Armendariz. O

Proposition 2.7. For an abelian ring B, the following conditions are equivalent:
(1) R is linear M -Armendariz;
(2) eR and (1 —e)R are linear M-Armendariz for all idempotent e of R;
(3) eR and (1 —e)R are linecar M-Armendariz for some idempotent e of R.

Proof.

(1)=(2) is obvious since eR and (1 — )R are subrings of R.

(2)=(3) is obvious.

(3)=(1) Let o = X7_ja;0;, f = X35_,b;h; € R[M] and assume a3 = 0. Next for some e = ¢® € R

let oy = ea,as = (1 —e)a, B) = ef and B3 = (1 — )3, Then 0 = o = a5 + azfs and so

a1l = ea11 = 0,a202 = (1 — e)azf2 = 0. By the conditions we have that a;bje = 0 and
a;bj(l1 —e) =0 for all 1 < 4,7 < 2 and hence a;b; = 0 for all 1 < 7,57 < 2. Thus R is a linear
M-Armendariz ring. O

Proposition 2.8. Let R be a ring an A be a multiplicative monoid in R consisting of central

regular elements. Then R is lincar M-Armendariz if and only if A™'R is linear M-Armendariz.
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Proof. Let R be alinear M-Armendariz ring and S = A7'R. Put a8 = 0, where a = ¥2_ a,9;, 3 =
Y% bih; € SIM]. We assume that a; = s;u~t, by = o=t with e,n; € R for all 1 < i.j <
2 and w,v € A. Then we have 0 = af = 2?:1Z§:laibjgihj = Z?ZlZ?Zlgiwyj-u.*l-t'*lgihj =
(N X3 camzgihy ) ((wo)™h). Hence X2_, 2 eim;9:h; = 0in R[M]. Since R is linear M-Armendariz
rings, £;1;, = 0, for all 1 <4, <2 and so a;b; = s;u™ vt = cpu o =0 forall 1 <i,j < 2.

Thus S = A7 R is linear M-Armendariz rings. The converse is ohtained by [16, Lemma 2.6]. O

Corollary 2.9. Let M be o monoid and R;,i € I, be rings. Then the following statements are
equivalent:

(1) 6P, B is linear M-Armendariz;

(2) R is linear M -Armendariz for each i € 1.

3. PP-RINGS AND BAER-RINGS

Lemma 3.1. Let M be a monotd with |M| > 2 and R is linear M -Armendariz. If a,b,c € R are

such that ab =0 and ¢ =0, then ach = 0.

Proof. Take g € M with g # e. then (ae — acg)(be + cbg) = 0. Thus achb = 0 since, R is linear

M-Armendariz. O

Proposition 3.2. Let M be a monoid with

M| = 2. Then every linear M -Armendariz ring is

abelian.

Proof. Using Lemma 3.1 by analogy with the proof of Huh et.al. [1, Corollary 8], we can complete
the proof.
g

Lemma 3.3. Let M be a monoid and R is linear M-Armendariz ring. If ¢ is an wdempotent
of the monoid ring RIM] and ¢q the coefficient of e, in &, then &g is an idempotent of R and

OR[M] = ¢oR[M].

Proof. Let ¢ = dge+ d1g1 + -+ + ¢pgn € RIM]. Then 0 = (1 — f)f = (1 — dg)e+ ¢1g91 + -+ +
Ongn)(Poe + &1g1 + -+ + Pngn). Since B is linear M-Armendariz, it follows that (1 — ¢p)¢o =
0, pyp = 0 and (1 — ¢y)e; = 0 for all i. Thus ¢p is an idempotent of B, ¢o¢ = ¢ and ddy = oy.

Now clearly we have ¢R[M] = o R[M]. g

By Kaplansky [10], or Birkenmeier et al. [7], a ring R is called Baer if the right annihilator of
every nonempty subset of R is generated by an idempotent. A ring R is called a right PP-ring if
each principal right ideal of F is projective, or equivalently if the right annihilator of each element
of I is generated by an idempotent. A ring R is called a PP-ring it it is both a right and a left
PP-ring. Baer rings are clearly right PP-rings. In Fraser and Nicholson [9], it was shown that if
R is a reduced ring, then R is a PP-ring if and only if R[x] is a PP-ring. It was shown in Kim
and Lee [14], that if R is an Armendariz ring, then 1 is a PP-ring (a Baer ring) if and only if [z]
is a PP-ring (a Baer ring). For monoid rings, it was shown by Groenewald [13], Theorems 1 and
2. that for a w.p.-monoid M, R is a reduced PP-ring (reduced Baer ring) if and only if R[M] is a
reduced P P-ring (reduced Baer ring, respectively). For monoid rings, and £ be an M-Armendariz,
it was shown by Liu [11], Theorems 3.4 and 3.5, that R is PP-ring (Baer ring) if and only if R[M]

is PP-ring (Baer ring, respectively). Here we have the following result.

Theorem 3.4. Let M be a monoid with [M| = 2 and B is linear M-Armendariz ving. Then B is
a PP-ring if and only if R[M] is a PP-ring.
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Proof. Assume that R is a PP-ring. Let o = ay91 + a2g2 + -+ - + a9, € R[M]. Then there exists
&% = ¢; € R such that rp(a;) = ¢; R, for i = 1.2,....n. Let ¢ = ¢1dy -+ ¢,,. Then by Proposition
32, ¢* = ¢ € R and ¢R = M (rr(a;)). Thus a(de) = a10g1 + azdga + -+ + a,dg, = 0.
Hence (ge)R[M] C T RIM] (). Let 3 = bihy + baoho 4+ -+ 4 b him? R (). Then o = 0. Since
R is linear M-Armendariz, we have a;b; = 0 for all i, j. Then b; € &109--- 0, F = &R for all j.
Hence 3 = byhy + baha + - - + bnhayn, = (d€)(brhy) + (0e)(baha) + - + (de)(bphm) € (de)R[M].
Consequently rppp(a) = (¢e) RIM]. Thus R[M] is a P P-ring.

Conversely, assume that R[M] is a PP-ring. Let a € R. By Lemma 3.3 there exists an idempo-
tent ¢ of [? such that rppy(a) = o R[M]. Now it is easy to see that rg(a) = ¢ R, and therefore R
is a PP-ring. O

Theorem 3.5. Let M be a monoid with |M| > 2 and R s linear M-Armendariz ring. Then R s
a Baer ring iof and only if RIM] is o Baer ring.

Proof. Assume that R is Baer. Let W be a nonempty subset of R[M] and let W* be the set
of all coefficients of elements of W. Then W* is a nonempty subset of R and so rg(W*) = ¢R
for some idempotent ¢ € R. Clearly ¢e € ?‘R[M}(I-T-’\}. Thus (¢e)R[M] C ?‘R[M](I-T-’\}. Conversely.,
let 8 = bihy 4+ baho 4+ -+ + bbby € ?‘R[M](Wr\)‘ Then W3 = 0 and hence a3 = 0 for any a =
a1 g1 + asgy + - -+ angy, € W. Since R is linear M-Armendariz. we have a;b; = 0 for all 7, 5. Then
b; € rr(W*) = ¢oR for all 1 < j < m. Hence 8 = byhy + bohy + - + by hy, = (0€)(bihy) +
(pe)(baha) + -+ + (¢e)(byhm) € (¢pe) RIM]. Therefore R[M] is Baer.

Conversely, assume that R[M] is Baer and p a nonempty subset of R. Then rppy(pe) = o R[M]

for some idempotent ¢ € R by Lemma 3.3. Hence rg(u) = ¢R and therefore R is a Baer ring. 0O
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