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Abstarct. 

In this article we use a new type of nonlinear elliptic operators    1 1: , ,p p l l p l lA W R d x W R d x  

that are associated with left side of elliptic equation and studied their properties. We draw up the form, that is 

associated with non-linear elliptic operator    1 1: , ,p p l l p l lA W R d x W R d x , studying the properties this 

operator by means of form. 

We proved some a priori estimates which are theorems about properties of solutions under certain 

conditions on the function that forming this equation. We proved the existence of solution of quasi-linear 

evolution equation with singular coefficients in ,lR l  2  space by Galerkin method and showed that a given 

equation has a solution in the Sobolev space.  

Keywords: differential form; parabolic equations; evolution equations; a priori estimate; weak solution; 

singular coefficients. 

 

1    Introduction 

The main objects of article are obtaining some a priori estimates and existence  of weak solution in 

certain functional set provided that system coefficients belonging to given functional classes.  

We consider quasi-linear parabolic differential system in divergence form in whole Euclidean space 

,lR l  2 :  

 
, ,...,

( , , ) ( , , , ) ( , ), ,...,k k k k k

ij

i j l i j

u u a t x u u b t x u u f t x k N
t x x




   
      

    


1

1
  

                (1) 

with initial condition  

   , ,....,k Nu x u u 1

0 0
0 ,  
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 where is the unknown vector-function        , ,...., , , , ,k N lu t x u u t x R l    1
0 2 ,   0  is real number and 

( , ) ( ,..., )k Nf t x f f f  1  is  given function. Here ( , , , ) ( , , , )kb t x u u b t x u u  
 

 is vector - function of four 

variables.  Measurable matrix ( , , )ija t x u  dimension l l  satisfies ellipticity condition: :    0  and 

executed the following inequality ( , , ),a t x u   for almost all  [ , ]t t T , ,lx R  that  

                             
   

,...,

( , , )
l l

l

i ij i j i

i ij l i

u a t x u u R      
  

     2 2

1 1 1

  
                                (2)  

 We will call weak solutions of quasi-linear differential system of parabolic type in ( , )p l lW R d x
1

 the 

element  ,u t x  that almost all  ,t T 0  satisfies integral identity:  

                               

 

, ,...,

( ), ( ) | ( ), ( ) ( ), ( )

, , ,

t

t

t

t t t

ij

i j l j i

u v u v u v d

a u v d b v d f v d
x x

       

  


    

 
  

 



  

0

0

10 0 0

 ,                                              (3) 

 and  for any vector - element 
,

qv W
1 0

 .  

Where 
,...,

, , ( ) ( )p l q l

i i

i N

u v u v u L R v L R


    
1

 and 
 

,..., ,...,

p l

p p
p p

i iL R
i N i N

u u u
 

 
   

 
 

1 1

1 1

.  

Usually,         , ,...., , , , ,k N lu t x u u t x R l    1
0 2  is ordered set of N elements certain elements of 

functional space, such as ( , ), ,...,p l l

i mu W R d x i N  1 . 

There are many versions of theorems of functional embedment almost all related to the establishment 

of specific functional estimations. If >k m  і 1 < <p q  ,   <k m p l  and the equality 
1 1

=
k m

q p l




, then embedment spaces    p l q l

k mW R W R  is continuous. 

Conjugated to space ( , )p l l

mW R d x  is space ( , )q l l

mW R d x
, which by definition can be entered as a 

space of linear functionals on the linear space ( , )p l l

mW R d x . Let p q pq  then  

( ) ( ) ( ) ( )
, p l q l p l q l

p
p q

qL R L R L R L R
f g f g f g

p q




  

1
 

where ( ), ( ),p l q lf L R g L R    0  and  

( )
( )

( ) ( )
( )

,

.

p l
q l

p l p l
q l

p p

L R
L R

p
p p p

L R L R
L R

f f f f f f

f f f f
p q

 




 

  

2 2

1
21 1

 

We consider the conditions under which we study and parabolic system (1):  first, ( , , , )b t x y z  is 

measurable function and its arguments ( )l

locb L R 1 ; second, function ( , , , )b t x y z  satisfies estimation 

 , , , ( , ) ( , ) ( , )b t x u u t x u t x u t x      
1 2 3

 where ( )PK A 2

1
, ( )PK A 

2
, ( )p lL R 

3
 and 
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N N
pp pi i i i i

i i

u u u u u u u
 

 

  
2 2

1 1

. Similarly, the growth of ( , , , )b t x y z  

     , , , , , , ( , ) ( , )b t x u u b t x v v t x u v t x u v        
4 5

, where ( )PK A 2

4
, ( )PK A 

5
. 

The condition on coefficients of evolution system.  Let matrix ( , , )ija t x u  is  measurable dimension 

l l  and satisfies ellipticity condition: :    0  executed following inequality ( , , ),a t x u  for almost 

all [ , ]t t T , .lx R   

We consider the conditions under which we study and parabolic system (1):  1. Here ( , , , )b t x y z  is 

measurable function and its arguments ( )l

locb L R 1  ;   2. Function ( , , , )b t x y z  satisfies almost everywhere, 

almost all  ,t T 0  :  

                            
 , , , ( , ) ( , ) ( , )b t x u u t x u t x u t x      

1 2 3
.                                                (4)  

In the condition (4) function ( )PK A 2

1
, ( )PK A 

2
, function ( )p lL R 

3
 . 3. The growth function 

( , , , )b t x y z  almost everywhere satisfies the condition  almost all  ,t T 0 :  

     , , , , , , ( , ) ( , )b t x u u b t x v v t x u v t x u v        
4 5

 (5)  

 where ( )PK A 2

4
, ( )PK A 

5
. 

Coulomb potential is satisfied these conditions. 

2. Quasi-linear elliptic operator 

We study the elliptic system in space 
lR :  

 
, ,...,

( , ) ( , , ) , ,...,k k k k

ij

i j l i j

u a x u u b x u u f k N
x x




  
     

   


1

1
  

  

 where  u x


 is unknown function and ( ) ( ,..., )k Nf x f f f  1  is given function. Here 

( , , ) ( , , )k k kb x u u b x u u    is given function of three variables. Measurable matrix ( , )ija x u  dimension l l  

satisfies ellipticity condition: : 0 < <    and using the following inequality I ( , ),a x u   for almost 

all ,lx R  scilicet   
,...,

( , )
l

l

i ij i j

i ij l

u a x u R    
 

   2

1 1

 
. 

If we define the function 
,...,

,p p
m

p
pp s

i iW L
i N s m

u u D u
  

  
     

  
 

1

1 1

 we can instead elliptic system in 

space 
lR  consider the elliptic equation 
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  ( , ) ( , , ) =ij

i j

u a x u u b x u u f
x x


  

      

,     (6) 

where  u x  is the unknown function and ( ) =f x f  is given function.  

Definition 1. We call weak solution in 
1 ( , )p l lW R d x  an element  u x  which satisfies the integral 

identity:  

 
, =1,...,

, , , = , ,ij

i j l j i

u v a u v b v f v
x x


 

 
 

  (7) 

 for any element 1,0( , )q l lv W R d x . Equation (4) is a scalar integral identity. Based on this definition we build 

the form 
1 1:p p qh W W R   :  

 ( , ) , ( , , ), ,ph u u v v a u b x u u v          (8) 

 which will assume correctly defined (conditions on the coefficients specify below) for all items 

1 1( , ), ( , )p l l q l lu W R d x v W R d x  . 

If we have elliptic system then we define 
,...,

, , ( ) ( )p l q l

i i

i N

u v u v u L R v L R


    
1

. 

Function ( , , )b x y z  is measurable function and its arguments 
1 ( )l

locb L R ;  ( , , )b x y z  almost 

everywhere satisfies the inequality:  

   1 2 3, , ( ) ( ) ( ).b x u u x u x u x        (9) 

 where functions 
2

1 ( )PK A  , 
2 ( )PK A  , function 

3 ( )p lL R  . The growth function ( , , )b x y z  

almost everywhere satisfies the condition:  

      4 5, , , , ( ) ( ) ,b x u u b x v v x u v x u v          (10) 

 where 
2

4 ( )PK A  , 
5 ( )PK A  . 

We estimate form (8), which made up the equation (6) for the conjugate element 
2p

u u


:  

 2 2 2 2
( , ) = , ( , , ),

p p p pph u u u u u u u u a u b x u u u u 
   

        

 
 2 1

1 2 32

4 1
( ) ( ) ( ),

pp
w w a w x u x u x u

p
   


           

 
 2
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4 1 2
,

p
w w a w w w

p p
 


         

  
2 1
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p
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where by the definition used vector function 
2

2=
p

w u u


, according 
2

2=
2

pp
w u u



   we have the 

estimation:  

 
2

1
2 2

1 1 1

2
, = , , ,

p p
p

u u u u u w w
p

  



     

  
22

2( ), ,x w w a w c w        

 
1 1 1

3 3 3( ), = ,
p p p

x u u u  
  

  

by Holder and Young estimations  

 
1 1

2 2
, ,w w w w

p p
     

     
1 1

2 22 2

1 1= ,w w w a w c w         

so  

  
1

2 2

1 1 1

2 2 2
, =w w w w w w

p p p
        

   
1

2 22
w w a w c w

p
         

   2 22

2

1 1
.w w a w c w

p
  



 
      

 
   

Then we get estimation  

 
 2 2

2
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( , )
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h u u u w w a w
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1 1
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2
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1
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p p
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w a w c w u

p q


  


        

finally  

  
2

2 21
( , ) 1

pp

q
h u u u c w
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It is shown that 
2

2 ( ) ( )
=

p

pl lL R L R
w u . Coefficient   depends on the data of (smoothness coefficient equation (

i )); coefficient  c   depends on  ; coefficients   і  – arbitrary positive; coefficients   selected based 

on the matrix a  constants ellipticity, coefficient   shifts affect the range of the value, it is less substantial. 

So for every fixed 
1

pu W  form  ,ph u v  is a continuous linear in 
1

qv W  functional of 
1

qW , and 

therefore each 
1

pu W  is associated with an element conjugate to 
1

qW  space 
1

pW
, so function exists that 

1 1:p p pA W W . Operator 
1 1:p p pA W W  takes the following action:    , = ,p ph u v A u v .  First 

suppose that the functions that form the equation quite smooth and prove the existence of solution Galerkin 

method with a special basis of uniqueness of the solution is the result of strict accretive operator generated by 

form, which is composed from equation. Then suppose that coefficients are measurable and by it cutting and 

smoothing we reduce the problem to the previous case. Next step is removal of the conditions of cutting and 

smoothing. 

Theorem 1. Weak solutions of equations (6) with conditions (9, 10) uniformly limited in 
1

pW . 

Proof. We form an integral identity:  

 , ( , , ), , ,k k k ku d a du b x u u f                  

We put 
2= | |p

k ku u 
, obtain:  

 

2 2

2 2 2
2

4( 1)
, | | | | | |

p p

p

k k k k k k k

p
u u u d u u a d u u

p


 


   

      
   

   

 
2 2, | | , | | .p p

k k k kb u u f u u    

With conditions (9), using Young's and Holder inequalities , we find:  

 
2| , | | |p

k kb u u     

   2 22

2

1 1
w w a w c w

p
  



 
       

 
   

  
2

3

1
,

p
p p

kq
w a w c w u

p q


  


        

Next, we get:  

 
2 2 1| , | | | || || || | | || || || || || .p p p

k k p k k q p kf u u f u u f u       

Then, using arguments similar to the previous one, we obtain  

 0|| || || || ( , , , , ) || || .k ku u c p l N f     

So, since 
1

|| || <k p
W

u C , where constant has depends on function coefficient (structure of equations), then 

because of weak compactness of space  1 ,p l lW R d x  we find that there exists a subsequence   ku x , that 



Journal of Progressive Research in Mathematics(JPRM)                                                                                                                                                                 

ISSN: 2395-0218  

 
Volume 11, Issue 3 available at www.scitecresearch.com/journals/index.php/jprm                                                                          1651|          

 

is a property: 
0

1
pk

W
u u   weak і '

1

( )p

pn W
A u y  weak. Show that  0= =py A u f . We form the 

integral identity:  

   * *, = , , =1,...,p

k i iA u v f v i k
  

and go to the limit k . Then we obtain:  

   = = ,lim
p

k
n

A u y f


 

the limit in  1 ,p l lW R d x
 space. 

We have:  

 
2

( ) ( ), ( ) =lim
pp p

k k k
k

A u A v u v u v


  


    

 
2

0 0= ( ),( ) 0.
ppy A v u v u v


     

We put  0 1= , > 0, ,p l lv u tz t z W R d x   and reducing both sides of the resulting inequality in 
1pt 
, 

obtain 
2

0( ), 0.
ppy A u tz z z


    

With semi-continuity of operator 
1 1: ,p p pA W W  given the arbitrary element  1 ,p l lz W R d x , 

obtain  0= =py A u f , ie for given initial data constructed sequence  ku   and proved its convergence to 

the element  0 1 ,p l lu W R d x , therefore element  0 1 ,p l lu W R d x  will be solutions of the conditions 

mentioned above. 

The uniqueness of this solution follows from the properties of accretiveness of operator ( )pA  . 

Indeed, let 0u , 0u  are two such solutions. Then, just equality:  

 
0 0 1( ), = , ( ), = ( , ),p p q l lA u w f A u w f w W R d x    

that 
0 0( ) ( ), = 0p pA u A u w . 

Let 
2

0 0 0 0= ( ) | |pw u u u u    , so:  

 
2

0 0 0 0 0 00 = ( ) ( ), ( ) | |p p pA u A u u u u u        

       2

0 0 0 0 0 0 0 0|| || 1 ,| |p p

pu u p u u a u u u u                

    
2

4 0 0 5 0 0 0 0 0 0( ) ( ) ,
p

x u u x u u u u u u 


            

 
 

 
2

2c
c w

p
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  2

2 2

4 1 1
0,

p
w a w

p p p


 

 

 
       
 

   

that equivalent equality 0 0=u u , that solutions of equations coincide. 

Let the functions that form the quasi-linear equation (6) is measurable and satisfy the above conditions 

for the growth and power of the singularities. 

Let ( )u x  is Lebesgue measurable function at 
lR . We denote by u  and s  cutting and support, 

respectively 

 

, > ,

= 0;| | ,

, < ,

u u

u u

u u



 



 





  

  

  

  ( ) = :| ( ) |> , > 0 .ls u x R u x    

Let ( )ma x , ( )mf x , ( , , )mb x y z  are cutting for argument x  functions ( ),a x  ( )f x , ,lx R  

( , , ), ( , , ) { },l lb x y z x y z R R R    respectively. 

Consider the "smooth" approximation of functions ( ); ( , , )m ma x b x y z , ( )mf x  for argument x :  

 
, ( ) = ( ) ( ) = * ,n m m m

n nlR
a x x t a t dt a    

 where ( )n t  is smooth integral approximation 1 in 
lR . 

We go to the limit is as follows initially removed smoothing, that go to the limit with n  then 

remove the cut, that go to the limit with m (sequence of limits is important). 

The equation of equations:  

 
, , ,( , , ) = , > 0,m n m n m nu d a du b x u u f      (11) 

 and form  

 
, , ,( , ) = , , .p mn m n m nh u v u v dv a du b v           (12) 

For every fixed vector 
1

pu W  the form 
, ( , )p mnh u v   is a continuous linear at 

1

qv W  functional of 

1

qW , and therefore each 
1

pu W  is associated with an element conjugate to 
1

qW  space 
1

pW
, there is mapping 

,

1 1:p mn p pA W W  generated by this form. 

Theorem 2. The equation (11) under condition (9, 10) has unique solution in 
1

pW . 

Theorem 3. Generalized solutions of equation (11) with the conditions (9) uniformly limited in 
1

pW . 

Proof. We form the integral identity:  

 
, , , , , , ,, ( , , ), , ,m n m n m n m n m n m n m nu d a du b x u u f                  



Journal of Progressive Research in Mathematics(JPRM)                                                                                                                                                                 

ISSN: 2395-0218  

 
Volume 11, Issue 3 available at www.scitecresearch.com/journals/index.php/jprm                                                                          1653|          

 

Let 
, , 2= | |m n m n pu u 

, we obtain:  

 
, , , 2, | |m n m n m n pu u u     

 

2 2

, , , , ,2 2
2

4( 1)
| | | |

p p

m n m n m n m n m np
d u u a d u u

p

    
    

   
   

 
, , , 2 , , , 2, | | , | | .m n m n m n p m n m n m n pb u u f u u    

With conditions (9), using Holder and Young's inequality, we find:  

 
, , , 2| , | | |m n m n m n pb u u     

 
, , , 2| ( ) | ( ) ( ) | ( ) |m n m n m n p

nlR R
b t x t u x u x dtdx      

 
,

1( ( ) ( )m m n

lR R
t u x     

 
, , , 2

2 3( ) ( ) ( )) ( ) ( ) | ( ) |m m n m m n m n p

nt u x t x t u x u x dtdx         

 
, , , 2

1( ( ) | ( ) | ( ) ( ) | ( ) |m m n m n m n p

nlR R
t u x x t u x u x dtdx        

 
, , , 2

2( ( ) | ( ) | ( ) ( ) | ( ) |m m n m n m n p

nlR R
t u x x t u x u x dtdx       

 
, , 2

3( ( ) ( ) ( ) | ( ) |m m n m n p

nlR R
t x t u x u x dtdx       

 1

2
( ( ) | ( ) | ( ) ( )m

nlR R
t W x x t W x dtdx

p
       

 
2 , , 2

2 3( ( ) ( ) ( ) ( ( ) ( ) ( ) | ( ) | ,m m m n m n p

nl lR R R R
t W x x t dtdx t x t u x u x dtdx            

estimate can be written: 

 
2

2( ( ) ( ) ( )) =m

lR R
t W x x t dtdx     

  2

2 ( ) ( ) | ( ) | =m

nlR R
t x t W x dx     

   2

2= ( ) ( ) ( ) =m

nlR R
t dt x W x t dx     

 
2 2

2 2= ( ) ( ( ) ( ) ) ( ) ( || ( ) ||m

n nl lR R R
x t W x t dt dx x W x          

 
2 2 2

2 2 2( ) || ( ) || ) = || || ( ) || || ,c W x dx W c W        

we estimate integrals:  

 1 ( ) | ( ) | ( ) ( )m

nlR R
t W x x t W x dtdx      

  
1

2 2( ) | ( ) | *nlR R
x t W x dtdx     

  
1

2 2

1* ( ) ( ( ) | ( ) |) ,m

nlR R
x t t W x dtdx    
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where 

2

, , 2= | | .
p

m n m nW u u


 

Then again used Young inequality and form- bounded 
2

1 , we have:  

  2 2

1( ) ( ) ( ( )) =m

nlR R
x t W x dx t dt    

  2 2

1= ( ( )) ( ) | ( ) | =m

nlR R
t dt x W x t dx     

  
2

2

1= ( ) ( ( ) | ( ) | )m

nlR R
x t W x t dt dx      

 
2

2( )_( || ( ) ||nlR
x W x t      

 
2 2 2

2 2 2( ) || ( ) || ) = || || ( ) || || .c W x dx W c W      

Then  

 
, , 2

3( ( ) ( ) ( ) | ( ) |m m n m n p

nlR R
t x t u x u x dtdx      

 
1

, , 2 ,

3 3( ) | ( ) | = ( )
p

m n m n p m n

p pq
u x u x u x 


  

Using the properties of approximation of function f  we obtain:  

 
, , , 2 , , , 2| , | | | || || || | | ||m n m n m n p m n m n m n p

p qf u u f u u      

 
, 1 , 1|| || || || || || || || .n m n p m n p

p p pf u f u    

Then, using Young's inequality, for sufficiently large m , n  and considerations such as the previous one, 

obtain 
, ,

0|| || || || ( , , , , ) || ||m n m n

pu u c p l N f    . 

3. A priori estimations for quasi-linear parabolic differential equations 

We study the parabolic equation in whole space ,lR l  2 :  

,

( , , ) ( , , , ) ( , ),ij

i j l i j

u u a t x u u b t x u u f t x
t x x


   

     
    


, =1,...

 

so by definition of weak solution, we have the integral identity  

 
, ,...,

( ), ( ) | ( ), ( ) ( ), ( ) , , ,

t t t t

t

t ij

i j l j i

u v u v u v d a u v d b v d f v d
x x

          


 
      

 
   0

10 0 0 0

 

for all ,( , ) pu t x W
1 0 ,  ,t T 0  and for all ,

qv W
1 0 .  

We rewrite identity for  ,t T 0  in the form of  

 
, ,...,

( ), ( ) | ( ), ( ) , , ( ), ( ) , .

t t t t

t

ij

i j l j i

u v u v a u v d f v d u v d b v d
x x

          


  
       
  
 

   0

10 0 0 0

Let 

element ( ) ( )
p

v u u 



2

 and  we estimate  
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Further, we estimate each term on the right side separately  
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 Then we get estimations  
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Hölder smoothness and continuity of generalized solutions of (1). We will call limited generalized solution 

of equation (1) the element ,( , )u t x V 2

1 0    such that max ( , )vrai u t x    ,  and which satisfies the integral 

identity  
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 for all  ,t T 0  and for any function ,v W 2

1 0  and max ( , )vrai v t x   ,  ,t T 0  . 

 We use conditions and obtain estimation for all  ,t T 0  and for any function ,v W 2
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 Let ( , )u t x  is a generalized solution, we define  ( , )
h

v t x  is averaging of function ( , )v t x  by formula  
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 where the function ( , )v t x  identically equal  zero in the interval t  0  і T t T h   . 

 Remark.  We can change the order averaging and differentiation in x .  

  We rewrite as  
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 The last equality holds for any element ,v W 2
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 Since, we have for any element ,v V 2
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 if we put 
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Lemma 1.  Let element u V 2
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 satisfies the following identity  

 

, ,....,

, ,

, , , ,

T

T T

ij

i j l j i

u u d

a u b d f d f L
x x

   

    


   

  
    
  
 



 

0

2

10 0

 

 where   is arbitrary element of the space    , , lW T R2

1 0
0 , while element u V 2

0
 belong to space 

  
,

, lV T R2

1
1

2

0  .  

 Space   
,

, lV T R2

1
1

2

0  is subset of space   , , lW T R2

1 0
0  consisting of all elements of continuous at t   

in norm  lL R2  with the norm  

   ,,
max ( ) liV T Rt T

u u t u


  
00

 

 and the condition  

   , , .

T р

hu t h u t dt
h



    
2 0

0

1
0  

 Proof. We  put    , ,

t

h

t h

t x x d
h

   


 
1

 for  any   , , lW T R 2

1 0
0 , then we have  

 

, ,....,

, ,

, , , ,

T

h h

T T

ij h h

i j l j ih

u u d

a u b d f d
x x

   

    


   

   
    
     



 

0

10 0

 

and we denote  , ( ) ( ),t x t x    where ( )t  - smooth function of the time variable,  ,

lW R  2

1 0
 .  Then we  

 

, ,....,

( ) , ( ) ,

( ) , , ( ) , ,

h h

ij h h

i j l j ih

u u d

a u b d f d
x x

       

        





 

 

  

   
    
     



 
1

 

 so  

 ,

, ,....,

, ,

, , , ,

h h

l

ij h h

i j l j ih

u u

a u b f W R
x x

   

   


  

  
     

   
 2

1 0

1

 

 and  

 ,

, ,....,

, ,

, , , ,

h h

l

ij h h

i j l j ih

u u

a u b f W R
x x

   

   


  

  
     

   
 2

1 0

1

 

 and then for any positive ,h h
1 2  , we have  
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we change averaging in the first term to the second "factor" and the difference at first, so  
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so, the lemma 1 is proved.  

Estimation of Hölder constant.  Let be the condition parabolicity (ellipticity) conditions (4), (5) and each 

generalized solution ( , )u t x  from ,V 2

1 0  is bounded, show that under these conditions  
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then, if necessary, can be re-used by averaging because the calculations are the same as were made above, we 

put in the last inequality     , , ( , ) ,t x t x u t x u   
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where  K   is cube in lR  with sides of length  .  

 The first part of this inequality look classic and can be investigated by using standard methods 

ellipticity, on the second part of it is necessary to use the conditions of form-bounded functions , , ,i i  1 2 3 . 

Then, we estimate  

     , ,u u u u u u         


 
      

 

2 22 2 2 2

1 1 12

1 1

2
 

       ,a c              
22 2

2 2 2 2 2

1 1
   

 similarly  



Journal of Progressive Research in Mathematics(JPRM)                                                                                                                                                                 

ISSN: 2395-0218  

 
Volume 11, Issue 3 available at www.scitecresearch.com/journals/index.php/jprm                                                                          1662|          

 

      , .u u a c u              

1
22 2 2

3 3
   

 Next, we estimate  

u u u u


 
    

 

2 22 2 2 2

12

1

1 1

2
 .  

 So, we obtain inequality  

 
 

    
 

 
 

 
 

 
 

, ,....,

( ) , , ,..., ,

( ) ( , ) ,

t

ijK
i j l j it K

t t

K KK
t t

u t t K l a u u d
x x

u t t K K K d K F f u d





 

      

       



 
 

 

     



 

2

1

2 2

1 1

2 2

2 2 1

1

2 2

1 1 1 2 3 4

 

 that is, obtained a qualitative estimation, where , , ,K K K K
1 2 3

 are some positive nuvbers, depending on the 

initial data of the problem, constants  , ,..,  
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 are arbitrary constants are selected so as to neutralize term that 

contains a gradient, for example  
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usually it is rationally to choose с 2 . Thus, we obtained a priori estimation of the solution of equation (1).  

 We assume that an element ,u V 2

1 0   is solution of equation (1), then for any element 
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by differentiating the third term on spatial variables, we obtain equality  
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 The right part estimate similar to how it did before, that is, use the form of form-bounded condition and 

Hölder  estimation. To estimate the third summand we need additional conditions on derivatives of elliptical 
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matrix, so we assume that the space variables derived matrix is bounded i.e. and symbol 
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then,  we use inequalities of Hölder and Young, we get that spatial derivatives of elliptical matrix are bounded  

and solution u belong to space W 2
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, i.e. we have improvement of the smoothness of the solution equation.  

 Theorem 4.  If the Cauchy problem  

( , , ) ( , , , ) ( , ),ij

i j

u u a t x u u b t x u u f t x
t x x


   

     
    

,                 

 ,u x u
0

0 , 

where is the unknown function  ,u t x  and    0  is real number, and ( , )f t x f  is given function has a 

solution ,u W 2

1 1  , the conditions form-function bounded b  and if max
jk

i

a
vrai

x


 


;  
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2 1  , that will improve the properties of the solution, 
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  Next, we use a known lemma.  

 Lemma  2.  Let absolutely continuous at  ,t T 0  positive function ( )t  such that ( ) 0 0  and almost all 

 ,t T 0  satisfies the following inequality  

( ) ( ) ( ) ( )
d

t c t t F t
d
    

 where functions ( ) ( )c t and F t  are positive and integrated at  ,t T 0  . Then we have 

( ) exp ( ) ( ) ,

t t

t c d F d    
 

  
 
 
0 0

 

and 

( ) ( )exp ( ) ( ) ( )

t t
d

t c t c d F d F t
d
    

 
  

 
 
0 0

. 

 Thus, provided that ( )lu L R 2

0
 is true we have a priori estimate  

 
 

 , ,
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m
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 Functions    ( , ), ( ) , , , ,....m m

n nc t u t x x m n  1 2  is continuous on  ,t T 0 .  To  study functions 

 ( ) ( , ), ( ) , , , ,....m m

n nc t u t x x m n  1 2  in the absolute continuity at  ,t T 0 , we  look at integrals at t  to t t , 

we use estimation that was obtained above, so we have  

, ,....

( , ) ( , ) ,

, , ,

( , ) ( , ) ( , ),

m m n

t t t t t t
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x x
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2
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      Consequently, constants ( , , )Const n l  dependent on , ,n l  but do not depend on т  provided m n  i.e. 

inequality  

 ( ) ( ) .m m

n n n
t

c t t c t t 


    
0
0  

By diagonal way, we construct a subsequence ( ) , , ,....m i

nc i  1 2  coinciding evenly on  , T0  to some continuous 

function ( ), , ,....nc t n  1 2  for everyone n .  The sequence of functions ( ), , ,....nc t n  1 2  determines the function 

 ,u t x  by rule      , i i

i

u t x c t x





1

. The sequence of functions       ,
m

m

m i i

i

u t x c t x


 
  
 


1

 limits to 

     , i i

i

u t x c t x





1

  weak in ( )lL R2  and evenly at  ,t T 0 .  We have 

      ( ) ( ) ( ), , , , , ,
s

m i n m i n m i n n
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u u v v u u u u v   


  

 
     

 
 

1 1

 

 we use estimation  

   ( ) , , , .m i n n n

n s n s

u u v const v  
 

   

   
    

   
 

1

22

1 1

 

      Let the number s  sufficiently large, then for any positive number   given in advance we have inequality 

 , n

n s

const v





 

 
 

 


1

22

1 2
 , then for all  ,t T 0  for sufficiently large ( )m i the first amount is also less 



2
 to all 

 ,t T 0  , that proved uniformly for all  ,t T 0 , then sequence  ( )m iu  limits to u  weakly in  ( )lL R2  

relatively  ,t T 0 . There is a subsequence of the sequence  ( )m iu  which converges to u  weak in ( )lL R2  with 

its derivatives ( )j m iu , again we denote it as  mu .   
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We show that the limit function u  is the solution of the Cauchy problem for the equation (1). We can 

write identity  

 

, ,....,

( ), ( ) | ( ), ( ) ( ), ( )
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 which is true for any function    
m

m

i i

i

v d t x



1

 where  m

id t  - continuous functions of  argument  ,t T 0 , 

which have bounded generalized derivatives.  The set of such functions is denoted 
m  and function 

mu

belongs to 
m  .  Let set  , is formed by the union at m  sets 

m  is dense in W 2

1
.  

          We have for any function    
m

m

i i

i

v d t x



1

, (due to weak in ( )lL R2 ) the sequence  mu convergence to 

function u  evenly over  ,t T 0 , sequence  mu  convergence to function u  strong  in   , lL T R2
0 , henc 

follows convergence in ( )lL R2  almost all  ,t T 0  and almost everywhere.  Using the estimates that were 

obtained above go to the limit and we obtain identity  
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 it is true for any v element of the set   .  

 Then we use the inequality monotony of type, that is,  for any  element of the set m  , we must 

prove the following inequality  
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 Indeed, let  mv u    then we have  
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 and therefore  
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 The last inequality at a fixed function   almost all  ,t T 0  you can go to the limit m , then we get the 

following inequality  
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 If we take v u  then we have (in order to make this replacement we must use estimates that were obtained 

earlier, since the function u , generally speaking are not differentiated by  ,t T 0  )  
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We use arbitrary function mv  and any m  ,  so for any element 
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Since the set which is formed by the union m  sets m  which is dense in W 2

1
, then for any   0  and for any 

function  we can put v u   , then  
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 we go to the limit   0  , we obtain  

 

, ,....,

( ), ( ) ( ), ( )

, , , .

t

t

t t t

ij

i j l j i

u u d

a u d b d f d
x x

       

     


   

 
   

 



  

0

10 0 0

0

 

 As set   is dense in W 2

1
, then the last inequality implies that for every W 2

1
 is true equality  
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 which means that the element u W 2

1
 is the solution of a given equation (1).  

Conclusions 

In this article we developed a new method for studying existence of solution of quasi-linear evolution 

system. We build new differential form : ( , ) ( , )
N N

p p l l q l lh W R d x W R d x R

   
      
   

1 1
1 1

 and operator associated with 

this form    1 1: , ,p p l l p l lA W R d x W R d x . We proved a priori estimates for quasi-linear parabolic 

system. It is shown that quasi-linear parabolic systems possess unique solutions for sufficiently smooth initial 

values.  

REFERENCES  

[1] Brézis H., Pazy A. Semigroups of non-linear contractions on convex sets,  J. Func. Anal,. 1970; V. 6,  

pp. 237–281. 

[2] Boccardo L., Giachetti D., Díaz J.-I., Murat F. Existence and regularity of renormalized solutions for 

some elliptic problems involving derivatives of nonlinear terms, Journal of Differential Equations, Vol. 

106, N. 2, pp. 215–237, 1993. 

[3] Browder F.E. Existence of periodic solutions for nonlinear equations of evolution,  Proc. Nat. Acad. 

Sci. USA, 1965;  V. 53,  pp. 1100 – 1103. 

[4] Blanchard D., Guibé O., Redwane H., Nonlinear equations with unbounded heat conduction and 

integrable data, Annali di Matematica Pura ed Applicata, Vol. 187, N. 3, pp. 405–433, 2008. 



Journal of Progressive Research in Mathematics(JPRM)                                                                                                                                                                 

ISSN: 2395-0218  

 
Volume 11, Issue 3 available at www.scitecresearch.com/journals/index.php/jprm                                                                          1669|          

 

[5] Bheeman Radhakrishnan, Aruchamy Mohanraj, Vinoba V. Existence of solutions for nonlinear 

impulsive neutral integro-differential equations of Sobolev type with nonlocal conditions in Banach 

spaces, Electronic Journal of Differential Equations, Vol. 2013 (2013), No. 18, pp. 1-13. 

[6] Redwane H. Existence of Solution for Nonlinear Elliptic Equations with Unbounded Coefficients and 

�1 Data, International Journal of Mathematics and Mathematical Sciences 

Volume 2009 (2009), Article ID 219586, 18 P. 

[7] Kato T. Perturbation theory for linear operators, Berlin-Heidelberg-New York: Springer-Verlag, 1980;  

578 p.  

[8] Komura Y. Differentiability of nonlinear semigroups,  J. Math. Soc. Japan, 1969; V. 21,  pp. 375–402. 

[9] Konishy Y. Cosine functions of operators in locally convex spaces, J. Fac. Sci. Univ. Tokyo, 1972;  V. 

18, pp. 443 – 463. 

[10] Ignat L., Zuazua E. Convergence rates for dispersive approximation schemes to nonlinear Schrodinger 

equations, J. Math. Pures Appl. (9) 98 (2012), N. 5, pp. 479–517, 

[11] Marica A., Zuazua E., On the quadratic finite element approximation of 1-d waves: propagation, 

observation and control, SIAM J. Numer. Anal., 50(5), 2012, pp. 2744–2777. 

[12] Yaremenko M.I. Field Equations in Space Y^n without symmetry conditions in the General Case, 

Global Journal of Physics Vol. 2, №1 July 08, 2015; pp.89-106.  

[13] Yaremenko M.I. The Stability of Solution of Cauchy Problem for Evolution System in Euclidean Space 

R^l, l>2 ,    Global Journal of Mathematics Vol. 7, №2 June 20,  2016; pp. 729-740. 

[14] Yaremenko M.I. Nonlinear elliptic operator :p p pA W W
1 1

 in Sobolev space generated by elliptic 

equations, IOSR Journal of Mathematics. Volume 12,  №3, 2016;  pp. 62-73. 

[15] Yaremenko M.I. Global Hölder Continuity of Solutions of Quasilinear Differential Equations, Global 

Journal of Mathematics Vol. 7, №1 June 14, 2016;  pp. 711-728. 

[16] Tsutsumi Y. L2-solutions for nonlinear Schr¨odinger equations and nonlinear groups. Funkc. Ekvacioj, 

Ser. Int., 30:115–125, 1987.  

[17] Yajima K. Existence of solutions for Schrodinger evolution equations. Comm. Math. Phys., 

110(3):415– 426, 1987.  

[18] Yin Y. F. On nonlinear parabolic equations with nonlocal boundary condition. J. Math. Anal. Appl. 

185(1994), 161-174. 

http://ejde.math.txstate.edu/Volumes/2013/18/abstr.html
https://www.hindawi.com/56049632/
http://www.sciencedirect.com/science/article/pii/S0021782412000104
http://www.sciencedirect.com/science/article/pii/S0021782412000104
http://www.sciencedirect.com/science/article/pii/S0021782412000104
http://epubs.siam.org/doi/abs/10.1137/110839503
http://epubs.siam.org/doi/abs/10.1137/110839503

