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Abstract

In this paper it is represented a study of precompact and compact subsets on asymmetric quasi hormed
spaces.
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1. Introduction

Definition 1.1. A function p: X — R" is an asymmetric quasi norm on X if for every X,y,ze X, A €R"
and kK >1:
) p(X)=p(-x)=0<=x=0
2)  p(Ax)=4p(x)
3) p(x+y)<k(p(x)+p(y)).
For k=1 the function is called the asymmetric norm function, and the pair (X, p) is called the asymmetric
normed space. More information on this structure can be found in [1] and [2].
The function p~: X — R™ defined by p~(X) = p(—X) is also an asymmetric quasi norm.
While the formula p°(X) = max{ p(x), p_l(x)} gives a quasi normon X .
Definition 1.2. A quasi metric onaset X isa function d : X x X — R that satisfies:
1) d(x,y)=d(y,X)=0<=x=y
2) d(x+y)<d(x,z2)+d(z,y),forevery X,y,ze X .
Each quasi metric d on X generates a topology T (d)on X, that in general is a T, topology. The basic open

sets can be defined as the d-balls:

B,(x,r)={yeX:d(x,y)<r}, xeX,r>0.
An asymmetric quasi norm P on a linear space X induces the quasi metric d b by means of the formula:
d,(x,y)=p(y-x), x,yeX.
Thus the sets: B (0) = {X e X:p(x)< 8} , € >0, define a fundamental system of neighborhoods of zero for
the topology T(d,), and for all ye X, the sets B(y)=y+B(0) define a fundamental system of

neighborhoods of Y (these sets are convex). Than we say that the pair (X, p) is an asymmetric quasi normed
linear space.
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Now let us deal that with the topologies induced by P, p’l, pS , we will write these symbols before the property
we are referring if necessary; for instance, we will write P - compact set, or P°- compact set to refer to
compactness of a set with respect to the topology induced by p (resp. by ps ).
If the space (X , ps) is complete, we say that (X , p) is a bi-Banach space (see [3]).
Denote by B the set:
Bf.(0)={xeX:p(X)<&}, £>0.
Let (X, p) an asymmetric quasi normed space and X € X , denote by W', the set defined by:
W, ={yeX:d,(x,y)=p(y-x)=0}.
In particular:
W, ={yeX:d,(0y)=p(y)=0}.
Observe that W, is the closure of {X} in (X, p’l).
Givenaset Ac X of an asymmetric quasi normed space (X , p) (analogue Lemma 2 in [4]), we have that:
U, =A+Y,

xeA
where:

A+¥,={zeX:z=x+y,xeAyeV¥}.
We have also that B” (x) = B (X)+¥,, X € X (see [4]) and if A X isan open set, then A= A+.
Definition 1.3. (Its analogue is in [4]) Let (X, p) be an asymmetric quasi normed space. We say it is right-
bounded if there exists a real constant I > 0, such that:

rB”(0)  B” (0) + ¥, .

Note that the inclusion st (X)+W¥, < B"(x) holds in any asymmetric quasi norm space (X, p), for every
£>0 and xe X . In fact if yeBP (X)+¥,, then there are some X, € B” (X)and z, € ¥, such that
Y = X, + Z, . By the triangle inequality we have that p(y —X) <&.Then y € Bf(X).

2. Main results

Let (X ) p) be an asymmetric quasi normed space.

Definition 2.1. A subset A of X is p -bounded if there is a positive constant M such that p(X) <M for all
X € A. ltis obvious that if aset A is p -bounded and P~ -bounded, then A is p°-bounded.

Definition 2.2. We say that a subset A of X is p -precompact if for all £ >0 we can find a finite set of points

{a,....a,} in A suchthat: ACULlBSp(ai).

We say that a subset A of an asymmetric quasi normed space (X, p) is outside P -precompact if for each

£>0 there is a finite set {X,..., X }in X such that Ac U?:1Bsp(xi)' Obviously if a set A is P -

precompact, then it is outside P -precompact; the converse is not true in general, a P -convergent sequence is
outside P -precompact but not necessarily P -precompact.

The relationship between P -precompactness and outside P -precompactness is given by the following
proposition.
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Proposition 2.3. Let (X, p) be an asymmetric quasi normed space. A subset A of X is P -precompact if and
only if for all &> Othere is a finite set {X;,..., X, }in X suchthat Ac LJin:1 BP(x) and BP (x)NA#=®d
for all | e{l,...,n}.

Proof. The direct implication is obvious by the definition of P -precompact set. To prove the converse fix a

positive & and choose a finite set {X;,..., X, }in X such that Ac Uin:lB’fg (x;) and Bzfl(xi)mA;td)for

2 2
some K>1 . Take a € B"’;(Xi)mA;we must prove that B® (x,) < B”(a,).1f xe B® (x,), then:
2k 2 2k
& & €
X—a)<k(p(xX=x)+pX-a))<kl=—+pt@-x)|=kl=—+—|=
p(x—a) <k(p(x=x)+p(x —a)) (Zk P (a .)] [Zk ij

Then the set Ais P -precompact.m

Proposition 2.4. Let (X , p) be an asymmetric quasi normed space then:

(1) The finite sum and the finite union of P -precompact sets is P -precompact.
(2) The convex hull of a P -precompact set is P -precompact.
Proof. (1) This result is an immediate consequence of the definition. We give the proof for the case of the sum of

&
two p-precompact sets A and A,. Let &£>0. Take oK for some k=1, and consider the sets
{Xll,..., Xﬁ} c A and {Xf,..., Xé} < A, such that:
n m
A CUHBE (x) and A, CUi:lBE (x*).
2k 2
If ze A+A then z=2+27,, with 2z, €A and z, € A,. There are elements X and XJ? such that

€ £
p(z,— %) < K and p(z,-x}) < x Then:

Pz~ 6+ ) <k (pla, =)+ pCz, ) <k 2t 2 s

Thus the set {X,1 + Xf;i =1..,n; j =1..., m} define an adequate set of centers of P -balls of radius & to cover

theset A +A,.

For the proof of (2), let see A a p -precompact subset of X . For £ >0, we can find a set of points of A,

{X,,en X, Jsuch that A {X,,..., %, } + B; (0). Denote by convex(A) the convex hull of A; we have:
2

convex(A) < convex({x,...,X, }) + B (0).
2
Note that since convex({xl, X }) is ps—compact, then it is P -precompact. Thus we can define a set

vy Ay

{Yire Y} in cONVEX({X,,..., X, }) such that:

CONVEX({ Xy, .o Xy }) S { Ve Vo } + Bip(O).

2
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Then we conclude that:

convex(A) < { V... Yo} + Bf"(0)+ B;(O) < { Yy Yo} +BF(0)

2 2

and confirm that convex(A) is p -precompact. m

Proposition 2.5. A subset A of (X, p) is P -precompact if and only if the p’1 -closure of A is p -precompact.

Proof. If A is p -precompactand & >0, k >1, there is a finite setin A, {Xl,...,xn} such that:
" pp " P
Acl_ B (x)=lU, B”, (X))
2k "2k

Note that the sets B” _ (a, ) are p~*-closed. Then:
< <
2k

n p71 n — -1 n n
A" clJs®, (x) <JB", (x)" =|JB", (x)<|JBL.(x).
i1 ok T T i

-1 -1

Conversely: If Kp is P -precompact, for £ >0 and some K >1, there is a finite subset of Kp , {Xl,..., Xn},
such that:

AcA” CU(Xi +B° (O)J.
i=1 2K

1

We have that for every | € {1, ey n} ' X € Zp . Then for a fixed index i there is some a e A such that;

&

p (ai _Xi): p(xi _ai)< 2k .

Now let us prove that: X, +B® (0) c a, + B (0).
2

Let y € X, +B" (0). Then p(y—Xi)<§ and:
2

p(y—ai>s1<(p(y—xi)+p(xi—ai))<k(2—‘9k+§j=e.

So we have A is P -precompact.m
Let (X , p)be an asymmetric quasi normed space and K < X .

Then K is compact respect to the topology T(dp) induced by the asymmetric quasi norm P if and only if

K+, is compact for the same topology (see [4]). An analogue proposition and its proof of the following
proposition, for the case of the asymmetric norm is given in [5]

Proposition 2.6. Let (X, p)be an asymmetric quasi normed space. If K is a subset of X such that

K, cKcK,+Y¥, where K; is p*-compact, then K is p -compact.

Theorem 2.7. Let (X , p)be an asymmetric quasi normed space. Let K be a subset of X , then:
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@) If (X, p) is a bi-Banach right-bounded space with constant r =1 and K is p -precompact set then
there isa p°-compact subset K, of X suchthat K < K, +¥,,.

(2) If there is a p°-precompact subset K, of X such that K < K,+¥, then K is outside p -
precompact.

Proof. (1) Step 1. First we construct an special family of balls covering the set K in order to find an adequate p° -

1 1
compact set. By the definition of P -precompactness we have that for & = E and € = E L k>1:

K cOB’i(Xil), {Xil,...,xﬁl}c K and K CDBE(Xf), {Xf,...,xﬁz}c K.

i=l 2k i=l 4k

It follows that for all i=1,...,n,, there isan index j; € {1,...,n,} such that X’ € BY, (x;).
2k

s —2 —2 s
We also have that Bpi (Xi) c Bpi (X}i )+, Thus X* =Xi +2Z with Xi € B’i (Xi) and ze .
2k 2k 2k

If yeB” (x°) then:
m

p(y—i?)sk(p(y—x5>+p(z))<k[ij=%.

—2 —2 .
Thus Bpi(xiz) c Bpi(X‘ ), and {B'i(xi ):i :1,...,n2} definesa p -cover of K.
4K 4K 4K

—N —N
Following this construction for each N €N we obtain a family {Xl ,...,XnN}, such that for each

—N . . —=N4
Xi ,1=1,...,Nny thereis Xj such that:

sf=N  =N-1 1
p (Xi —in )<W
and:
nN —N
keUss (x').
i=1 N

-1 —1 -1 -2 —2 —1 .
Let L:{Xl,X2,...,an,Xl,...,an,...}, with  X; =Xi1 for i=1..,n,. We will prove first that L is p°-

precompact.

&
Let & >0 and consider some N e N such that < E for some k >1. We omit the subindexes for the aim

2N—2

-m
of clarity. Take some X € L ;then we have two cases:

Case 1: M < N . Then we have:

X" e8! (x')c U)e (x') UUJs? (%)
i=1

1=1 i=1
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] —m ] —m-1 s[=m —m1 1
Case 2. m> N, fixed X thereisanelement X  suchthat p°(X —X < =

—m-2 —-m-1 —m-2 1
In the same way there is X such that p° (X —X )< -2 and if we continue like this we obtain

Then we have:

—N (=N —N-1
X suchthat p (X —X )<2N_1.

[ - 1
p (x —X )<Ff°r|:N""’m'

Thus:
—m —N —m —m-1 —m-1 —m-2 —N+1 —N
ps(x —X )sk(ps(x —X )+ps(x —X )+...+ps(x —X ))

< 1 1
S o + o +...+2—N

1 (&1 1
= oNT [;EJ = oN-L*

1

2N—l

Ny
- —N & - s [(—N s [(—N
Then we conclude ps(xm—x )Sk <kE:g,thatis: XmeBgp (X )c| |ng (Xi )
7

N s (—I S
Therefore LCU|=1Uin|=1 B! (Xi) which proves that L is p®-precompact, thus L" is p° -compact.

Step 2. Let K, = L" . We must prove that K < K, +¥,.

-n
If Xxe K, foreach n € N, there is some X of the corresponding family obtained in the previous step (we omit
the indexes since there in no confusion) such that:

()_(n)+‘{’o.

XEB‘{(X ):Bﬁs

2n on

—n s (—n -—n
Then forevery Ne N, thereare y € Bf (X ) and 2" € ¥, suchthat Xx=y +2".
2"

—n S

. -p —p il
Consider the sequence {X } cL ;since L
neN

is p°-compact there is a subsequence {X ' } , p°-convergent
|

_ps

to X,el .

Let us now prove that P(X—X,) =0. For a positive ¢ there is some index |, such that for all 1 >1;, we have:
1

p*(X" —X,) <g, note that: p*(X" —y") < o

1 ¢ :
If we choose |, such that — <—— for | >1, and some k >1, and consider 1, =max{l,,,}, then for all
2" 2k

I >1, we have:

p(x=x) <k | px=y")+ p(y" —X")+ p(x" =)
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sk(0+ " =X+ P (X" —xo))<k(%+2—i]<k(i+ij=g.

Since this can be done for every & >0, we obtain that p(X—X,) =0 so X—X, € ;. We conclude that:

xel +%,=K,+¥,.
End of the proof for (1).

For the proof of (2), choose some &> 0. Since K is p°®-precompact, there is a finite set {X1 Xn} in K,

such that K, U?:l BP (x;) . Then (see [4]):

Ko c|Jl,BY (%) +¥, = U(Bj (%)+¥,) LB (x).

That is clear that K is outside | -precompact. m
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