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Abstract:

In this paper, we apply the new homotopy perturbation method (NHPM) to get accurate results for solving
systems of nonlinear equations of Emden—Fowler type, we indicate that our method (NHPM) is
equivalent to the variational iteration method (VIM) with a specific convex. Four examples are given to
illustrate our proposed methods. The method is easy to carry out and gives very accurate solutions for
solving linear and nonlinear differential equations.
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(1) Introduction:

Since the governing equations in many experiments in technology as well as in the sciences, differential
equations and integral equations. These equations are much overly complicated to be solved exactly and
even if an exact result is obtained, the required calculations may be excessively perplexed. In this work a
novel technique of version (HPM), called the New Homotopy Perturbation Method (NHPM) has been
introduced for solving the linear and non-linear differential equations and integral equations, and it is
shown that the new technique performs a good deal more serious.

Many problems in the fields of mathematical physics and astrophysics are modelled by the equation
y Ty + K9 (y) =h(x), x>0 @

where o >0 is a constant.

For f (x)=Lg(y)=y"™, and h(x)=0, Eg. (1), is the standard Lane—Emden equation that has been used
to model several phenomena in mathematical physics. For the steady-state case and «=2 and h(x) =0,
Eqg. (1), becomes the Emden—Fowler type equation

n 2 r
y'ey +f (x)g(y)=0, x>0, 2
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subject to
y(©0)=1 y'(0)=0. ©)

The Emden—Fowler equation arises in the study of fluid mechanics, relativistic mechanics and in the
study of chemically reacting systems. The singularity behavior that occurs at x =0 is the main difficulty
of Eg. (1), and Eq. (2).

Very lately, many powerful methods have been introduced, such as some notes on using the variational
iteration method for solving systems of equations of Emden—Fowler type [1], the new homotopy
perturbation method (NHPM) was proposed by Biazar an Eslami [2], for solving two dimensional wave
equation, the difference between the method (NHPM) and standard (HPM) [3-7], numerical solutions of
the homotopy perturbation method [8-14], the Emden—Fowler Eqg. (3), and Eqg. (4) was handled by using
the Adomian decomposition method and the modified decomposition method and Adomian’s
decomposition method [15-20], the same equation was handled by using the homotopy perturbation
method and the variational iteration method (VIM) was applied to study this problem [21-24], and many
others [25-29], the aim of this paper is to employ (NHPM) to obtain the exact solution of systems of
nonlinear equations of Emden—Fowler type.

In this work, we study systems of nonlinear equations of Emden—Fowler type subject with initial
conditions given by the form:

u”+%u’+f U)WV (X)) =h, (x), x >0, @ >0, )
V"_gv'+g(u(x),v(x))=h2(x), X >0, #>0, 5)

subject to
u@=v(@=1 , u'(0)=v'(0)=0 ©)

In the next section we discuss the analysis of our method (NHPM).

(2) Analysis of New Homotopy Perturbation Method (NHPM):

The main aim of this section is to know how to solve the systems of nonlinear singular equations of
Edmen-Fowler type using new homotopy perturbation method (NHPM).

u”+%u’+f )V (x))=h, (x), @

vr=Lurig @m0 =h,x), ®)
subject to

u@=A , u'(0)=8, )

v(0)=C , v'(0)=D, (10)

where f (u(x),v(x)),gux),v(x)),h(x),and h,(x), are known functions,«,3,A,B,C, and D,are
constants.

When a=8=A=C =1and B =D =0, we obtain the following systems:
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u”+X£u’+f u),v(x))=h(x), 1y

v”+X1v’+g(u(x),v(x))=h2(x), 12)
subject to

u@=v@=1 , u'(0)=v’'(0)=0. 13

In order to solve Eq. (11), and Eq. (12), we apply homotopy method as follow:

0-P)(U 6 -u,00) (U G+ 200+ L OOV () -htx) |0 14

@=PIV "0)-v,60)+ PV ")+ 3V 60+ 9 L (O ()=, ) |- (15)
or

700 =000 [0y ()+ U0+ 00OV () -hx) |0 (t6)

V00 =060 (Vo) + 5V 1)+ GU GOV ()=, (60| <0 a7)

By using the inverse operator, L™ = [ [ ()dxdx, for both sides of Eq. (16), and Eq. (17), we yield
00

L (U "(x))=L"(up(x))—pL™ (uo(x)+xiu 'x)+f U (x)V (x ))—hl(x)j 0, (18)

L7 (V "(x)) =L (vo (x))-pL™ (VO(X)+X£V ‘®)+gU (x)V (X))_hz(X)J 0 19)

and then,

UX)=A+XxB+||u,(x)dxdx —p (uo(x)+X£U’(x)+f(U(x),V(x))—hl(x)jdxdx, (20)

! Il
V(x)=C+xD+ ]'vo(x)dxdx —p].xj(vo(x)+xlv "X)+gU (x)V (x))—h2(x))dxdx, (21

Ot X Ot x

where U (0)=u(0) , U '(0) =u’(0),and V (0) =v (0) V '(0) =v '(0).

So the solution of Eq. (14-17) can be written in the following form
UX)=U,(x)+pU,(x)+p>U,(x)+pU (x)+- (22)
V (x) =V (x) + PV (X) +P*V, (X) +p V5 (x )+ (23)

Letp =1 in Eqg. (22), and Eq. (23), we obtain the approximate solution of Eq. (11), and Eq. (12), as
follow
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U (x):lpi_rQU =U,(x)+U, (x)+U,(x)+U,(x)+U,(x)+-- (24)
\Y (x):LiLnlv =V (X)) +HV, (X)) +HV, (X)) +V (X)) +V , (X )+ (25)

The convergence of the above series see [17] for more details.
Substituting Eq. (22-23), and Eqg. (13), into Eq. (20), and Eg. (21), comparing coefficients of p, with the
same power leads to
U,x)=A+xB +”u0(x)dxdx,
p°: o (26)
i

Vo(x)=C +x D+ |v,(x)dxdx,

0,00 =0 [ (a0 +FUL0)+1 000V 00) -hyto) e,
p': o . (27)
Va0 == [ [va 00+ 2V, + 000V, () -y )
0,00 = ] 2016041 000V, 00) Jonex,
p*: 0 ) (28)
V200 =-p [ ][ 2,60+ 9, 0. 000 e
00 X
In general we have
uo(x):ianx”,nzo, U (x)=u(x), U’'(x)=u'(x), (29)
Vo)=Y X" N0, V()=vX),  V(X)=v'(x), (30)

where a,, ¢, ,,... and B, B, 5,,...are unknown coefficients which should be determined.

f (u(x)v(x)), and g (u(x)\v(x)), are nonlinear operator. We assume that the nonlinear function are
defined by infinite series of polynomials

f (u(x)v(x)), iAn (Yo Y Yareas ¥ ) 9 (U(X)V(x)), iBn (Yo Y Yareen ¥ ) (3D

where A, and B, are called the Adomain's polynomials, defined by:

L )

To show the capability of the method (NHPM) applied to some examples in the next section.

(3) Applications of the method (NHPM):

In this section, to illustrate the method and to show the ability of the method four examples are presented.
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Example (3.1): Consider the systems of nonlinear equations of Emden-Fowler type see [1],

u”(x)+Xlu’(x)+u2(x)v(x)—(4x2+5)u(x):0, (33)

v”(x)+XEv’(x)+u(x)v2(x)—(4x2—5)v(x):0, (34)
subject to

u( =1 u’(0)=0, (39)

v(0)=1 v'(0)=0, (36)

To solve Eq. (33), and Eq. (34), by the method (NHPM), we construct the following homotopy
U"(x)=u,(x)—p (uo(x)+U ”(x)+xlu '(x)+U(x)V (x)—(4x* +5)U (x)j, (37)

V "(x)=v,(x)-p (vo(x)+v "(x)+X3v (x)+U (X)V *(x)—(4x* -5V (x)j, (38)
By taking the inverse operator, L™ = ”(.)dxdx to the both sides of the Eq. (37), and Eqg. (38), we obtain
00

U () =U (0)+xU (0)+ ] [u, () deax
- p}](uo(x)+£U "(x)+U > (x )V (x)—(4x2 +5)U (x)jdxdx, (39)
00 X
V (x)=V (0)+xV '(0)+ﬁv0(x)dxdx
- pﬁ(vo(XHEV (X)+U (x)V *(x)—(4x* -5V (x)jdxdx, (40)
00 X

Substituting Eq. (22-23), into Eq. (39-40), and comparing coefficients of terms with identical powers of
p, we get

U,x)=U(©0)+xU ’(0)+ﬁu0(x)dxdx
p°: (41)

V,(x)=V (0)+xV ’(0)+].].vo(x)dxdx

U,(x) :—]](Uo(x)+X£UO'(X)+(U0(X))2vo(x)—(4x2 +5)U0(x)jdxdx
p*: (42)

X X 2 , ) ,
vl(x):—M(vo(x)+;vo(x)+u0(x)(v0(x)) —(4x —5)V0(x)jdxdx
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U,x)=- Xj}(iu ‘(x)+(U (x)) V. (x)+(U, (x)) Vo(x)- (4x2+5)U1(x)]dxdx
p2: (43)

vz(x):—”(fv;(x)+u0(x)(v1(x))2 +U, (x) (v, (x))" —(4x? —5)V1(x)jdxdx

1 2 2
x|l —U, U \% U \%
=[OV U0
00| +(U, (X)) V, (x)—(4x? +5)U, (x)
p®: (44)
2000 4U, 00V 00) +U, 00 (V4 ()

U, () vV, (x)) = (4x? =5V, (x)

V,(x) dxdx

II
ol—.x
O ) %

U,.,x)= H( U, (x)+(U, X))V, (x)- (4x2+5)Uk(x)jdxdx, k=012,...

V, ., (x)= H(XEV '(x)+U, () (v, (x))" —(4x> -5)V, (X)dedx k=012,...

According to Eq. (31), and Eqg. (32), we can gives the first few Adomian's polynomials for the nonlinear
terms U2(xV (x),in Eq. (41), and U (xV *(x), in Eq. (42), respectively

A, :U(ﬁ/o

A =UN,+0 VU,

A, =U(ﬁ/2+2U0U1\/1+2U0V0U2+Uﬁ/0 (45)
A =UN,+UUV,+U UV, +UN, +2U UV, +2U UV,

and

B, =V, U,

B, =V, U, + &/ UV,

B, =V, U,+N VYU, +NUV,+V U, (46)
B, =V, U, +M VU, +N VU, VU, +N VU, +¥ VU,

To solve Eg. (41) and Eq. (42), for U,(x).V,(x),and U, (x),V,(x), we get

1 1 1
UO(X)‘—"1+EO(0X2+EO{1X3+Eazx4+%a3xs+%G4X6+Ea5x7+§a6xg+ia7xg+"‘
1 1 1 1 1 1 1

\ (X) 1+2ﬁox +6ﬂ1x + ﬁz 0ﬂ3X5+%ﬁ4X6+Eﬂ5X7 ﬂsx + ﬁ7X +

and
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1 5 11
U (X):(——ao 2%—§+2)X2+(—E%—E%)X3
Lo Lo 1, —iﬂ PN I

1277 36 2 12 ° 24" 3 24°
+(—ia —ia —ia —iﬂ +ia x°

20°° 80 ° 60 - 120°" 24 °

1 1 1, 1 1 1 1 1 .
t——a,——a,———al—— -, ——ft—a,+—a, |X
( 30 % 150 % T120 % 60a°ﬁ° 180% 36072 15 % 720‘2]

1 1 1 1 1
+(—E%—E%—an oy = 1ﬂo ﬂ1+§a1+ﬁ%jx7

1 1 1 1, 1 1
. 56% 3920‘6 1687 "33 % aag ™ P e WP T g % .

- - 2

1008 NP~ 75 %% " 016

1 1 1 5 1

—a, - —t— Ot ——— O ———«
|72 T 576 7 360 ° 3024 ° 1440 ohs = 2592 af, - 1440 b N

—ia B —Laa -———aqa

2592 2"t 1440 °7% 2502 '
+--=0

and
1 15 11
V x)=|-= _ _-_x 2 _ = _= 3
(x) ( 2/30 B > 2) ( Gﬁl 6'81]

1 11 1 1 5 .
H =B - p, =P ——ay +=——
(12ﬁ2 187 P %ty 24ﬁ°j

1 1 11 ]

H - B —— B —— B ——f |x
(2053 40ﬂ3 e;oﬁ1 24ﬁ1]

1 1 1 1 1, 1 1 1 1 .
H——=p - ——p,——— - =B —-—pf——a,—— B, |x
(3oﬁ“ 75 7% 72ﬂ2 60“°ﬂ° 120ﬁ0 157 507 "350% 18Oﬁ2j

1 1 1
+{ Eﬂs Eﬁ ﬂoﬁl 1:80 A :Bl Eﬁs X7

1 1 1
[— +_ —_——

820> 53" 168"

1 1 1 1 1 1
-— BB +—B,—— B, —— fa,—— B,

. saﬂ6 196’36 168ﬁ2 336ﬂ4 672ﬁ° 2 672’32 0 X8

1 2 1 1 1 2

“ 2016 AT ﬂ W, 2016ﬁ 1680 % “8a0”t "aag 0%

1 5 1
N ﬁﬂ7 ﬁﬁ7 360" 3024ﬂ5 144oﬂ°a3 2502 V% o

1 1
1240 % " 5505 P4 144oﬂ°ﬂ3 2592ﬂ1ﬂ2
+---=0

Considering the hypothesis of U,(x)=0\V,(x)=0, the coefficients of «,,3, ,n=123,...

obtained as the following

Volume 11, Issue 2 available at www.scitecresearch.com/journals/index.php/jprm

will be

1584 |



Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

o, =2,0,=0,0,=6,0,=0,0, =50, =0, =g,a7 =0,a8=%,a9 =0,...
7 3
By=-2,=0p,=6p=0p=-5p5=0/ :§Iﬁ7 =05 :_Z'ﬂQ =0,...

Hence, the approximate series solution is

U,(x)=1+x" IR S S INL I R B
21 3! 41 5!

Vo(x)=1-x? +ix4 —ix6 +ixg—ix10 N
2! 3! 41 51

Therefore, the exact solution of Eg. (33) and Eq. (34) becomes as:
ux)=e” , v(x)=e™,

which is the same as the closed form solution obtained by Abdul-Majid Wazwaz [1] using (VIM).

Figure 1: The exact saolution of example (3.1)

Y-guis

05 F - o ........ L ........ ........ ........ U ..... i

Example (3.2): Consider the systems of nonlinear equations of Emden-Fowler type see [1],

u"(x)+X3u’(x)+vz(x)—u2(x)+6v(x)=6+6x2, (47)
v”(x)+XEv’(x)+u2(x)—v2(x)—6v(x):6—6x2, (48)

subject to
u(0)=1 u’'(0)=0, (49)
v(0)=-1 v'(0)=0, (50)

To solve Eq. (47), and Eq. (48), by the method (NHPM), we construct the following homotopy
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u ”(x):uo(x)—p[uo(x)+u ”(x)+XEU "(x)+V 2(x)-U*(x)+6/ (x)—6—6x2j, (51)

v "(x)=vo(x)—p£vo(x)+v ”(x)+EV "(x)+U 3 (x)-V 2(x) -6/ (x)—6+6x2j, (52)
X
By taking the inverse operator, L™ = ”(.)dxdx to the both sides of the Eqg. (51), and Eq. (52), we have
00

U(x)=U(0)+xU '(0)+}}uo(x)dxdx
—p]]‘(uo(xﬂxgu "(x)+V 2(x)-U?*(x)+6/ (x)—6—6x2]dxdx, (53)
V (x)=V (0)+xV ’(0)+ﬁv0(x)dxdx

—p]}(vo(x)+xzv "(x)+U*(x)-V *(x) -6/ (X)—6+6x2dedx, (54)

Substituting Eq. (22-23), into Eq. (53-54), and comparing coefficients of terms with identical powers of
p, yields to

U,(x)=U0)+xU ’(0)+]]u0(x)dxdx
p’: (55)

V,(x) =V (0)+xV ’(O)+]]v0(x)dxdx

Ul(x):—]](uo(x)+XEU0’(X)+VOZ(X)—U02(X)+a/0(x)—6—6xzjdxdx
pt: (56)

Vl(x)=—]][vo(x)+X£V0’(x)+U02(x)—Voz(x)—a/o(x)—6+6xZdedx

U2(x):—]'T[[XEUI'(X)JFVf(x)—U12 (x)+6/1(x)}dxdx
p?: (57)

(Evl' (x)+Uj(x)-V,2 (x)—ﬁ/l(x)jdxdx

( Uz’(x)+V22(x)—Uzz(x)+6\/2(x)jdxdx
p*: (58)

V,(x)+U 2 (x)—VZZ(x)—G/Z(x)jdxdx
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U, (X)= ]']'(Xguk'(x)+Vk2(x)—Ukz(x)+6/k(x)jdxdx, k=012,...
pk+1
T 2 ' 2 2
vkﬂ(x):—”(;vk(x)wk x)-V, (x)—&/k(x)jdxdx, k=012,...

According to Eq. (31), and Eqg. (32), we can gives the first few Adomian's polynomials for the nonlinear
terms Vv ?(x),in Eq. (47),and U *(x),in Eq. (48), respectively

A, =V 2,

A=V,

A, :2\/0V2+V12,

A, =NV, +NV,, (59)
A =NV, +AV, V],

A, =NN A+NV, +N V.,

Thus

B, =U¢,

B,=20U,,

B,=2UU, +U/?,

B,=2UU,+UU,, (60)
B,=20U,+2UU,+U’,

B,=2UU,+2UU,+2U,U,,

To solve Eg. (56) and Eq. (57) for U,(x),V,(x),and U,(x),V,(x), we obtain

1 1 1 1 1 1 1 1
U, (X)) =1+ =X  +=ax* +—ax* +—ax® +—a,x* +—ax +—ax*® +—a7X9 oo
2 6

12 20 30 42 56
l s 1 6 1 1
\Y (X)~ -1+— ﬂox += :le + :Bz ﬂsx +_:B4X +_:B5X IHGX + :B7X +-
20 30 42
and
1 1 1 1 1
Ul(X)Z(—E% 2+3+2+3jx +(—ga1 6ocljx3

1 1 1 1 1 .
H-——a,——a,+—=f+t—o,—— [, += |X
(122182 12ﬁ° 12 °° 4/3O 2)
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1 1 1 1
+(—Ea3—5a3+%ﬂl+%al—5ﬁljxs
1 1 1, 1 1 o, 1 1 .
+H——aq——a,—— [, +—f,+t—a, +—a, —— X
(30 “ 7570 120ﬂ0 180ﬂ2 120 ° 180 ° GOﬁZJ
1 1 1 1 1 1 1 ,
-0, —— +— +—a+—o, ——— X
(425 126 ° ﬂ"ﬁl P 252 07t 420 ® 14oﬂ3j
1 1 , 1
__a [ — +_
.| 56 T ﬁ"ﬂz 2016’3 84Oﬁ4 X8
+—aoa2+—a12+ia4—iﬂ4
672 2016 840 280
1 1 1
-—— - — ——
|72 T 288 " 144oﬂ°ﬁ3 2592ﬂ1ﬁ2 1440 °° N
1 1 1 1
R [ — +_
2592 4% "50s P s P T Ie12 %
1 1 ,
90 % 405" 27ooﬂ oA, 54ooﬂ Py 12960ﬂ 0
+La0a4+iala3+—a22—iﬁ6
2700 5400 12960 840
+---=0
and
1 11
V(x):( 2/3 /}o——+5—3+3j
1 1
+(_Eﬂ1_gﬂ1jxs
1 1 1 1 1 1) .
+H-—=p0 =0, ——a,—— [, += 5, —= |[X
(12/32 18ﬁ2 12°° 12ﬂ° 4ﬂ° 2)
1 1 1 1 1 1 .
+H =0 ——pf+—pf ——a——pF+— L0 |X
(zoﬁ3 40ﬂ3 60'81 60 GOﬂl 2oﬁ1j
1 1 1 9, 1 ., 1 1 1 6
H-—=p =B ——a, +—0 —— B +— 0, ——a, |X
(30ﬁ4 75ﬁ“ 120 ° 120ﬁ° 180ﬁ2 60132 180 2)
1 1 1 1 1 1 1 ,
+H-——=f——f——o o, ——— o, +—— -——f+— X
[ 42ﬁ5 126ﬂ5 252 °t 420 ° 252ﬂ°ﬂ1 420ﬂ3 14oﬂ3J
1 1 1 1 0, 1
—— G ——=b -, ——a  ———«
. ﬁe ﬂs 672 % 2016 ° 840“X8
, 1 1
—_— +_
ﬁ°ﬂ2 2016'3 84Oﬂ4 280ﬂ4
1 1 1 1
N 72/;7 288ﬂ7 1440 “0% " 9509 1% 144oﬂ°ﬂ3 N
1
2592ﬂ Pt ﬂ ® 1512 ° 1512ﬂ ®
1 1 )
N goﬂ8 405/}8 27ooﬂ°ﬂ“ 54ooﬂ1ﬁ3 12960ﬁ 10
—Laoa4—iala3—Lazz+iﬂ6
2700 5400 12960 840
+---=0
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Considering the hypothesis of U,(x)=0,V,(x)=0, the coefficients of «,,s, ,n=123,... will be

obtained as the following

o, =4,0,=0,0,=6,0,=0,0, =50, =0, :g,a7 =
7 3
B =0,5=0p=-67p8=0p=-5p =074 :_§’ﬁ7 :Ovﬂsz_z’ﬂg =0,

Hence, the approximate series solution is

8 1 10

Uo(X)=1+2X2+%X4+£X6+iX AL

3! 41
Vo(x) S TNE USRIV VU S I
2! 3! 41 5!
Therefore, the exact solution of Eq. (47), and Eq. (48), becomes as:

ux)=x2+e*" |, v(x)=x?-e>*,
which is the same as the closed form solution obtained by Abdul-Majid Wazwaz [1] using (VIM).

Figure 2: The exact solution of example (3.22)
B0 T T ! T T T T T T M
N . B : - . - »*

Yoaxis

ok SRR S ERRRR L ........ PR e S N L i
SO b s el D -
B0 i 1 1 i 1 i 1 1 i
1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
H-axis

Example (3.3): Consider the systems of nonlinear equations of Emden-Fowler type see [1],

u"(x)+§u'(x)+u(x)/(x)+(x2+4)u5(x):1, (62)
X
” 4 ! 2 3
v '(xX)+—v (x)+u(x)v(x)—(4x +5)v x) =1, (62)
X
subject to
u()=1 u’(0)=0, (63)
v(0)=1 v'(0)=0, (64)
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To solve Eq. (61), and Eqg. (62), by the method (NHPM), we construct the following homotopy
U"(x)=u,(x)—p (uo(x)+U ”(x)+§U (X)+U (X V (x)+(x* +4)U 5(x)—1j, (65)
X

Y, ”(x)zvo(x)—p(vo(x)+v ”(x)+xiv '(x)+U (x vV (x)—(4x2 +5)V 3(x)—lj, (66)

By taking the inverse operator, L™ = ”(.)dxdx to the both sides of the Eqg. (65), and Eq. (66), we obtain
00

U (x)=U (0)+xU '(0)+Xj]u0(x)dxdx
- p].]‘[uo(XHiU "(x)+U (x M (x)+(x2 +4)U 5(x)—l}dxdx, (67)
00 X
V (x) =V (0)+xV '(O)+].].vo(x)dxdx
- p]][vo(x)+iv "(X)+U (x M (x)—(4x2 +5)V 3(x)—1jdxdx, (68)
00 X

Substituting Eq. (22-23), into Eq. (67), and Eqg. (68), and comparing coefficients of terms with identical
powers of p, gives

U,x)=U(0)+xU ’(0)+]jfu0(x)dxdx
P°: (69)
V,(x)=V (0)+xV '(0)+]}vo(x)dxdx
U,(x)= }](uo(x)+§uo'(x)+u0(x)v0(x)+(x2+4)uo5(x)—1jdxdx
00 X
Pt: (70)
V,(x)= ].]. vo(x)+—V (X)+U,(X)V,(x)— (4x +5)V (x)- 1jdxdx
U,(x)=- xjxj(xiul’(x)w OV, () +U (V4 (x) +(x 2 +4)U,° (x)jdxdx
P2: (72)

><|4;

LX) +U OV, (X)) +U (XM, (X)) — (4x2+5)V13(x)jdxdx

Vl(x):_]‘](

According to Eq. (31), and Eqg. (32), we can gives the first few Adomian's polynomials for the nonlinear
terms U (x V (x),and u®(x),in Eq. (61), and V *(x),in Eq. (62), respectively
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A, =UV,,

A =UV, +UV,,

A, =UV,+UV, +UV,,

A, =UNV,+UV,+UV,+U NV, (72)
A, =UV,+UV,+UV, +UV, +UV,,

A, =UV . +UV,+UV,+UV, +UV, +UV,,

while,
B, =U;,
B,=3U /U,
B, =3U /U, +10U2U;,
B, =5U U, +20UUU, +1002U 7, (73)
B,=3U .U, +10UU7 +20UUU, +30U U U, +53U U/,
B, =5J,U,+20UUU, +20U U, U, +30U U U, +30U U/ U, +20U U U, +U’,
and
c, =z,
C, =N,
C, =N, +3/ AV,
C, :3/(3/3 +0/ VYV, +Vl3, (74)

C,=4 N, +¥ N, +I N, +/VV,,
Co=d N +/VV, +J AV, +I N, +6/ VV,,

To solve Eq. (69), and Eq. (70), for U, (x),V,(x),and U,(x) V,(x), we get

Uo(x)=1+£aox2 +1alx3+iazx4 +ia3x5 +ioz4x6 +io:5x7 +iocex8 +ioz7x9 o
2 6 12 20 30 42 56 72

Vo(x):lJr%ﬂox2 +lﬂlx3+i2ﬁ2x4+2iﬁ3x5 +iﬁ4x6 —_

1 1
X'+ —BxP+— x4
6 1 0 30 42ﬁ5 56ﬂ6 72ﬂ7

and
Ul(x):(——az0 gao 2+l—%jx2
+(—l l—ialjx3+(—ia2—iaZ—iﬂo—ia0—§ao—ijx4
6 4 12 12 24 24 6 12
+[—i053—i s—iﬁl—iaﬁrial—aljxs
20 80 120 120 6

“ 50 " 120 °"° 360°° 360 > 12 ° °© 18 °

Volume 11, Issue 2 available at www.scitecresearch.com/journals/index.php/jprm 1591




Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

1 1
Il 2/ Sl 27 S 0131 1ﬂo ﬁ
.| 4 84 7
1,5, _Qa o _ia
840 ° 252 ' 63 °° 423
1 3 1 1 5
e P £ el 1 -——a, -,
.| 56 ® 392 % 1344 o 1344 o2h 2016 afi= 1680’3 1680 ¢ 112 ° N
5,3 5,5 5 1
56 ° 672 ° 252 ' 84 °* g4 *
1 1 1 1
-——a, -——a
7277 1927 2880 %hs 2880 o= 5184 nf,
1 1 1 5 .
———— D P 0 < Q. X
5184 = 3024ﬁ ° 3024 ° 216 °°
—ia —iaza —iaa —iaa
288 0 72 °t 36 °7° 324 M7
1 1 1 1
—— 0Oy ———=,
90 8270 ° 10800 afs - 10800 %P
+ - x 10
5400 @b = 5400 @b = 12960 %2h
O N VI SOVY BN S _iaza I
3241 108 °77 72°° 540 " 36 ° % 54 °F
+...:0
and
1 11 5),
V, (X -2 —+—+—|X
x) ( 2ﬂ B — 5+ 2)
1 . 1 1 1 1 5 1),
+| —=p —-= X'+ ——=pB,—=B,—f,——a,—= B, += |X
(sﬂl 3ﬂ1j (12ﬂ2 o/ g% gl 3)
1 1 1 1 1 5
+H == ——0———a += X
( 207 207 120”120 ® sﬁlj
1 2 1 1 1 1 1, 1 .
+-——=p0, =B, ——a,f——f——a, +=F,+= 5, +— X
(3oﬁ“ 75ﬂ“ 120 Ao 360ﬂ2 360 ° 5ﬁ0 sﬂ" 24ﬂ2j
1 1
__ﬂs__ﬂ Oﬂl 1180 _,H
L2 63 y
1 1
_%a3+ﬂﬂ1+_ﬂoﬁ1+_ﬂs
B af, By -, ——
.| 56 ® 08" 1344 %P 1344 % 2016 4 1680 N
1 3, 1 5 . 5
———o, =0 =00 +—==p0 +— +—
1680 * 56'80 56/32 448ﬂ° 672'81 224ﬁ°ﬂ2 112ﬁ“
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1 1 1
“ 2P P 2eg P 2880 b0 = 5184 Ap,
1 1 1 9
| ——— -——pf-— +— +—
5184 P " 302475 3024“5 Pohy 120ﬂ 3
5 . 1 1
+— B+ —
=76 By T Bols + ﬁlﬂz 2008 — G+ ﬂoﬁa
1 2 1
“90” a8 10800 afs - 10800 o 5400 b 5400 fs
1 1 10
4| -—— +— — +— X
12960 P2 T 1g0 o * 27oﬂ1 ﬁ(’ﬂz zzsﬁ“
L BB, BB+ — fu +iﬁﬂ NRyL
288770 7% 4327 1807 36077 844"

+---=0

Considering the hypothesis of U,(x)=0,V,(x)=0, and the coefficients of «,,s, ,n=123,...

obtained as the following

7 24
o, =-la,=0,a,=—,0,=0,¢, =—§,a5 =0, a4 =1—65,a7 =0,
3 15 35

'BO :1’181 :O’IBZ :_EHB3 :0’ﬂ4 :Eiﬂs :0’186 :_1—,

Hence, the approximate series solution is

Uo(x):l—lx2+§x“—£x6 REINCI
2 8 16

Vo(x):—1+1x2 T SRV B IV
2 8 16 128

Therefore, the exact solution of Eg. (61), and Eq. (62), becomes as:

V(X)=1+x>

u(x)= !
_\/l+x2 ’

which is the same as the closed form solution obtained by Abdul-Majid Wazwaz [1] using (VIM).

Figure 3: The exact solution of example (3.3)
24 T T ! T T ! T T I

22
2o e e
tabl. ________ ________ e : '
16F---- --------- - :

1.4

Y-gxis

1.2
1
0.5

[N

0.4
1
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Example (3.4): Consider the systems of linear equations of Emden-Fowler type see [1],

u"(x)+xlu’(x)+v(x):x3+5, (75)
v”(x)+xgv (X)+wW (x) =x* +12x +1, (76)
W"(X)+X§W "(x)+u(x) =25x 2 +1, ()
subject to
u(0)=1 u’'(0)=0, (78)
v(0)=1 v'(0)=0, (79)
w(©0)=1 w'(0)=0, (80)

To solve Eq. (75), Eq. (76), and Eq. (77), by the method (NHPM), we construct the following homotopy

] "(x):uo(x)—p(uo(x)+u ”(x)+XlU "(x)+V (x)—xs—SJ, (81
\Y ”(x):vo(x)—p(vo(x)+v "(x)+X£V (X)W (x)—x* —12x —1), (82)
w ”(x):wo(x)—p[wo(x)+w ”(x)+X§W "(x)+U (x)—25x2—1j, (83)

By taking the inverse operator, L™ = [ [()dxdx to the both sides of the Eq. (81), Eq. (82), and Eq.(83),
00

we obtain

U (x)=U(0)+xU ’(0)+]]u0(x)dxdx -p ]](uo(x)+xiu '(x)+V (x)-x?® —E}jxdx, (84)

X LXlv (x)+£V "(x)

V (x)=V (0)+xV '(0)+”vo(x)dxdx—p” 0 X xdx , (85)
00 00 W (x)—x*-12x -1
X X X X E ’

W (<) =W (0)+XW '(0)+ [ [w,(x)dxdx —p [ | Wo G WD e (86)
00 00l 4U (x)—25x2 -1

Substituting Eq. (22-23), into Egs. (84-86), and comparing coefficients of terms with identical powers of
p, gives as the following
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U,(x)=U(0)+xU ')+ ].u (x) dxdx

p® eV, (x)=V (0)+xV (0)+

x O——X ot x

]'v o (x)dxdx (87)

W, (X) =W (0) +XW '(0)+”W0(x)dxdx

U,(x)=- H( ()= LU+, () -x° - jdxdx
oV, (x) = - xjxj(vo(xn—v X)4W,, (x ) =X * —12x 1jdxdx, (88)
W, (x) =— jj( 0(x)+—W (x) +U (x ) — 25x 2 —1jdxdx
uz(x)=—11(xlu;(x)+v (x)jdxdx
p? vz(x)=—11[§v;(x)+w (x)]dxdx , (89)
wz(x):-11(fw;(x)+ul(x)jdxdx

U, x)=- [1U x)+V, (X)JdXdX

I
P Vi () == ]](—v ((X)+W, (x)jdxdx
I

W, (x)=- [—W "(x)+U, (x))dxdx

To solve Eg. (87) and Eq. (88) for U, (x).V,(x),and U,(x),V,(x), we can obtain

1 1 1 1 1 1
U, (X)=l+ax’+Zax*+—ax‘+—ax*+—ax’+—ax’ +
o) 2°° 6 122 203 30“ 42 °

1 1

Vo)=Lt A 12 B B L B B e X X X

8 9
AX° A+ =X+

% 72

1 1 l 1 1
Wo(x):1+§yox2+—ylx3+—y2x“+—7/3x5+—;/4x6+—7/5x7 +—y X+

JR— _}/7)(9 + .-
6 12 20 30 42 56 72

Similarly, we obtain
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20 ° 80 ° 1.20131 20)

+(_ia4 _ia4 _ioﬂz}xe

36

1 1 1 ;
- ———a,——f, |x
% 252 % " 8ao ﬂaj

Vi)=(~3 A g3 xR a-tpezf

2
- mh bz )

1 3 1 5
_2_73 “an Vs T o0 % X

1 1

Y ———a, |X
307 507" 360a2j

+| —— _i _ia X7+...—0
4275 8475 ga0 ™
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Considering the hypothesis of U,(x)=0\V,(x)=0, the coefficients of «,, and g ,n=123,...will be

obtained as the following

Ay =2,0, =0, =, =a, =z =+-=0
ﬁo :0’ﬂ1:6’ﬁ2 :ﬁS :ﬂ4 :ﬂ5:”‘:0
7o :O,}/lzo,j/z :12,}/3:]/4 :7/5:...:0

Hence, the approximate series solution is
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U,(x)=1+x7,
V,(x)=1+x7°,
W, (x)=1+x",

Therefore, the exact solution of Eq. (75-77), becomes as:
ux)=1+x?> , v(x)=1+x® , wX)=1+x*

which is the same as the closed form solution obtained by Abdul-Majid Wazwaz [1] using (VIM).

Figure 4: The exact solution of example [3.4)

Yaxis

(4) Conclusion:

The primary goal of this paper, the new homotopy perturbation method (NHPM) is a powerful instrument
which is capable of handling linear and nonlinear partial differential equations. The method has been
successfully applied to systems of nonlinear equations of Emden-Fowler type. This method can be
applied to many complicated linear and non-linear equations of Emden-Fowler type and does not require
linearization. The outcomes indicate that the new homotopy perturbation method is a powerful
mathematical tool for noticing the exact and approximate solutions of nonlinear equations.
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