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Abstract  

This article is a continuation of the article Ref.[1]. In the article Ref.[1]  was introduced an effective mass of the 
elementary excitation in the plane, which is perpendicular to the magnetic field, but the dependence of it on 
the parameters of the task was not be determined. In this work we make a reasonable assumption about this 
dependence, and the energy spectrum is investigated on this base. A dependence the density of states on the 
energy is obtained. It has form of a staircase, parameters of which depend from the magnetic field. The Fermi 
energy also depends on the magnetic field. The dependence of energy of the elementary excitation on the 
spin orientation that stipulates the Pauli paramagnetism is taken into account. 
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energy; Pauli paramagnetism. 

 

1. Introduction 

As was shown in Ref. [1] the conventional theory of electron liquid in a magnetic field is incorrect. This paper also 

showed that the elementary excitations of an electron liquid in a magnetic field are in the field of a quasi-electric 

potential 
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which exists only inside the volume under consideration. This volume is cylinder with radius R  and height L . The 

magnetic field with induction B  is directed parallel to the cylinder axis. It is introduced the cylindrical coordinates 

 , , z  . The charge of electron is  e , and the mass of electron is m .  k
tI is modified Bessel function. The 

parameter 1
  is the characteristic length of a shielding that was determined in Ref. [1]: 
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Here 2 9 3

0
 4 1 0 m  


  is the density of electrons (four electrons per unit cell),    

2 3
2 2 18
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   is 

the Fermi energy of free electron gas, and 
0

  is the electrical constant. From axial symmetry and the form of the 

potential  w  it follows that the radial Schrödinger equation for elementary excitation has the form: 
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Here the spin energy in a magnetic field does not taken into account, and we will assume that all states are doubly 

degenerate. An effective mass of the elementary excitation in the plane that is perpendicular to the magnetic field is 

denoted as m * , and l  is a quantum number of the angular momentum. The boundary condition for this equation is 

  0
l

R  . Then from formulas (1) and (2) it follows that we can replace the potential by its asymptotic form: 
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This equation was investigated in Ref. [1]  by a change of the variable      2  2u u    exp , ln . In the 

neighborhood of the bound 2 1u   ln , and we can suppose 2 1u R  ln .Then this equation asymptotically 

has the form:  
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The only solution to this equation that has zeros is 
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Here  i
t


K  ( t u ) is the Macdonald function with imaginary index. The boundary value of the argument, when 

R  is  
1 23 2

2 0 86
b

t B e R m m B m m  * , * . (For numerical estimates we take 0.16  mR  ). We proved in the 

mathematical supplement to the Ref. [1] that when   0
i b

t


K the relation between the argument and values of index 

modulus is: 
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where n  is arbitrary integer number or zero. This equation determines the infinite increasing sequence  n
   of the index 

values. The eigenvalues of elementary excitations energy depend on three quantum numbers: radial - n , angular 

momentum - l , and free motion that is parallel to the magnetic field - k : 
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Each value n  determines the beginning of the energy spectrum of two-dimensional particles with a mass m  in the area

*S L R m m . The number of states that are having energies smaller than 
n

E E  in this spectrum with taking into 

account the spin degeneration is equal to 
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That can be presented as the area of the rectangle with base
n

E E  and height 
2

*L R m m   . If we place these 

rectangles one above the other in descending order of area, then they form a staircase above the energy axis. The sum of 

the areas of rectangles with 
n

E E  is the total number of states of elementary excitations with energy less than E . Then 

the contour of the staircase is a graph of dependence of the state density in this volume  V
EN from the energy.  

The dependence of the effective mass on the parameters of the task does not be determined in the Ref. [1]. Therefore the 

subsequent investigation of the spectrum in this article is incompletely. In this work we make a reasonable assumption of 

this dependence, and the spectrum is investigated on this base. In the third section the dependence of energy of the 

elementary excitation on the spin orientation is taken into account. Two gases that are differing by the spin orientation 

have the common Fermi energy. Therefore they must have different densities. The sum of their densities is equal to the 

electron density
0

 . 

 

2. The density of states and the Fermi energy of the elementary excitations of the electron 

liquid in magnetic field    

From formula (8) it can be seen that the effective mass *m  must be very large in order for  0 , 0 , 0E  to have an 

acceptable value. When 0B  must be *m m . Than we can suppose that  * 1m m P  ,  where P   is a parameter 

that is proportional to B and  large when 1  TB  . In this magnetic field we can take *m m P . The number of states

 n
N E  in formula (9) must be proportional to the cylinder volume 2

R L . Then it is necessary that P  be proportional 

to 2
R . The small length in the theory of an electron in a magnetic field is 

1 2 8
2 , 5 7 1 0 me B B

 
    . Therefore the 

formula  
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Meets all requirements. Substituting that formula into the formula (9) we can determine the height of stair steps in the 

state density graphic 
2 2 2

*L R m m m V    . Then we can determine the density of states in a unit of volume

 EN , which does not depend on the shape of the volume. 

The boundary value of the argument of the Macdonald function 
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In Ref. [1] two approximate solutions of the equation(7) were obtained. When this equation can be approximate 

presented as      
2 1

ln 2 1 2
n n n b
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  e  the approximate solution can be presented as 

       
1

1
1 2 ln 2 ln 1 2 ln

n b b
n t n t  




      e . Here e is the Napierian base. It is evident that must be 
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     . Than the equation (7) is approximated as 
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. Suppose that 1
F b

n t  . 

Then the spectrum of values  , 0 , 0E n  in the area 
F

n n has the form 
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The interval [ ( ); ( 1)]
F F

E n E n  , in which the Fermi energy is located, can be obtained as solution of the inequality 
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For determining
F

n  we can replace inequality (13) by the equation and omit the negligibly small terms. We shall obtain: 
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If the magnetic field is sufficiently large, the assumption that 1
F b

n t   is self-consistent. The Fermi energy equal: 
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The whole spectrum shifts from the minimum of potential energy  e w   (see formula (1)) by the value 

 
2 2

4ew R e B R m   . The coordinates of the bounds of steps on the staircase on the axis of energy are proportional to 

eB m   , but the distances between them decrease in proportion to 1 3
n

 . From formulas (13) and (14) it follows that 

the second term in the Fermi energy is proportional to 2 5
B . Therefore, when the magnetic field changes, the Fermi 

energy will move relative to the spectrum. When in the course of this moving the Fermi energy coincides with the energy 

coordinate of the boundary of the step at the staircase, features appear in the properties of the electron liquid.  

3. The energy spectrum with taking into account the interaction of electron spins 

with the magnetic field  

It may seem that the conservation of angular momentum makes it impossible to polarize spins in a magnetic field. But it 

is not. The Hamiltonian of an electron in the homogeneous magnetic field may be presented as 
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Here ˆ
z

L  is the z- component of the orbital angular momentum operator, ˆ
z

s is the spin operator and ˆ ˆ ˆ
z z z

J L s   is the z- 

component of the operator of total angular momentum. As was shown in Ref. [2], when the total angular momentum of 

an electron liquid retains a zero value, the term, which is proportional to ˆ
z

J is excluded from the effective Hamiltonian. 

Then we obtain the spectrum that is consist from two spectrum (12) that are shifted on 4eB m  . That can be 

considered as two gases, which must have equal Fermi energies, because the spin can change their direction. Therefore 

the densities of these gases must be  0
2  , where   is determined by the equation 

F F
E E

 
 . The Fermi 

energies of these gases may be obtained in the same way as in the previous section. In the first approximation over 

0
2  we obtain: 
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